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1. Introduction

A microbeam is a beam whose dimensions are in the order of a few microns. According to [26, Chapter 6],
the microbeams are perhaps the most common structural component used in micro-electro-mechanical
systems (MEMS) such as actuators, filters, resonators and sensors.

The deflection z = z(¢, x) of a clamped microbeam of density p > 0, cross-sectional area A > 0, Young’s
modulus £ > 0, area moment of inertia I > 0, shear modulus G > 0 and length L > 0 being subjected to a
distributed load f = f(t,z) can be modeled by

pAZtt + Mizgpze — Mozogggos = fa (t,l’) € (07 OO) X (Oa L)7

2(t,0) = 24 (£,0) = 2,,(¢,0) = 0 t € (0,00),
2(t, L) = z,(t, L) = 24 (t, L) = t € (0,00), (1.1)

2(0,x) = Z() z € (0,L),

24(0,2) = z1(z), =€ (0,L).
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This model has been derived in [12, Section 3] and [17, Section 4] by using the modified strain gradient
elasticity theory developed in [19, Section 2] together with Hamilton’s Principle. Here

8 4
M, =EI+GA <2z§ + 1—515 + l§> and M, =GA (213 + gﬁ) 7

where [y > 0,13 > 0 and [, > 0 are the material length scale parameters associated with dilatation gradients,
deviatoric stretch gradients and rotation gradients, respectively. These parameters were introduced in [19,
Section 2] to characterize the phenomenon observed in experiments that the deformation of some materials
is size-dependent. Further information on microbeams, its related experiments and also on MEMS may be
found in [12,17,19,26] and the references therein.

Without loss of generality, and in order to ease the notation throughout this paper, from now on instead
of considering (1.1) we consider

Zit + Zozer — Zzezezs = [ (t,x) € (07 OO) X (07 1)7
2(t,0) = 2,(t,0) = 24,(¢,0) = 0 t € (0,00),
2(t,1) = 2z,(t,1) = 24, (¢,1) =0, t € (0,00), (1.2)
2(0,2) = zo(x), =€
)

2(0,2) = z1(x), @€

In this paper we address the problem of internal stabilization of (1.2). Let us present such a problem.
For a regular enough solution z = z(t, z) of (1.2) we define its energy by

l\DI)—l

1
/ |zt|2 + | 2a|* + |zmx\2) dzx, te€][0,00). (1.3)
0

Then, formal computations yield

1
:/fztda:, t €10, 00), (1.4)
0

from which it follows that the energy is conserved when f = f(t,x) is not present. With the purpose of
stabilizing z = z(t, x) to the rest position, that is to say, lim;_, 2(¢,-) = 0 and lim;_, o, 2:(¢, ) = 0, we take
a f = f(t,z) that forces the dissipation of the energy, and moreover, its decay.

From (1.4) we see that we could choose

f(t.2) = f(a(t,2) = —a(@)n(t.a) with } @5)

a € L*>*(0,1) such that a(x) > ap >0 for almost every =z € (0,1).
With the choice of (1.5), which is a linear feedback control distributed over the whole domain, the dissipation

of the energy is ensured. Moreover, the exponential decay of the energy can be obtained by applying the
ideas introduced by Haraux and Zuazua in [11] to

E.(t) = E(t) +€/Z,Zt dz, te€][0,00), (1.6)
0

where € > 0 is a constant that must be suitably chosen. Let us note that (1.6) can be seen as a perturbation
of (1.3). Those ideas were also applied in [3,6,7,16,21,28,29] to obtain the exponential or polynomial decay
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of the energy associated to the solution of some hyperbolic equations with linear or nonlinear feedback
controls acting either in the domain or at the boundary.

Even if (1.5) solves our stabilization problem, acting over the whole domain might be too restrictive.
For this reason instead of choosing (1.5) we choose a nonlinear feedback control locally distributed over
the domain, for being less restrictive and more general. In order to present it, we need to make some
assumptions.

(A1) (Localization) Let w C (0,1) be a non-empty interval. Let a € L>°(0,1) be a non-negative function
such that a(z) > ap > 0 for almost every = € w.

(A2) (Nonlinearity) Let g € C(R) be a non-decreasing function satisfying that there exist constants R €
[1,00), S € [1,00) and (ny,n9,n3,14) € (0,00)* such that ny|7|® < |g(7)| < ng|r|® if || <1 and
ns|t| < |g(7)] < nalr|? if |7] > 1.

Then, with the previous assumptions in mind we choose

f(t,.’E) = f(zt(tvx)) = _a(x)g(zt(ta IE)) (17)

Remark 1.1. In (A1) we could take a(x) = 1,(x), where 1, denotes the characteristic function on w, that
is to say, 1,(z) =1 if z € w and 1,(x) = 0 if © ¢ w. The assumption that a(z) > ag > 0 for almost every
x € w in (Al) means that (1.7) acts only through w.

Remark 1.2. In (A2) we could take g(7) = |7|®~17 for any R € [1,00). The type of nonlinearity in (A2) is
similar to the ones in [13,22], the same as the ones in [8,15,18] and more general than the ones in [3,9,21,
28,29]. Finally, from (A2) we deduce

(g(11) — g(12))(11 —72) >0 for every (71,72) € R* and g¢(0)=0. (1.8)

In virtue of (1.4) and (1.7) we have

E'(t) = —/ag(zt)zt dz, te€][0,00), (1.9)

from which it follows that the energy still dissipates due to (A1) and (1.8). Therefore, it is natural to wonder
if the energy still decays. Our main result gives a positive answer to this question, thus also giving an answer
to our stabilization problem.

1) x L*(0,1). Then, (1.2) with (1.7) has a

Theorem 1.1. Let us assume (A1) and (A2). Let (29,21) € H(0,
1)). Moreover, its energy decays exponentially

unique weak solution z € C([0,00); H3(0,1))NC* ([0, 00); L2(0,
or polynomially to zero. Being precise:

e (Exponential decay) If R =1, then there exists a constant Cy > 0 such that

t
¢y (1+B(0) )

E(t) < E(0)exp{ 1 — ., te0,00). (1.10)

e (Polynomial decay) If R > 1, then there exists a constant Co > 0 such that

E(t) < Cs (1 + B(0) =+ 4 B0) T ) TR e (0,00). (1.11)
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Let us make some comments on the proof of this theorem. Its well-posedness part is shown with the aid
of the semigroup theory, while its energy decay part is shown by adapting a method introduced by Tebou in
[22] to address the problem of internal stabilization of the wave equation. We have followed this approach
because we have not been able to find a perturbation of (1.3), like the one given in (1.6), to prove (1.10)
and (1.11).

The method introduced by Tebou in [22] allows to obtain, by employing multiplier techniques and an
integral inequality derived by Komornik in [13], the exponential or polynomial decay of the energy asso-
ciated to the solution of a large class of hyperbolic equations with locally distributed nonlinear feedback
controls. However, that method to work requires the nonlinear feedback control to be localized on a suitable
neighborhood of the boundary. Then, we see from [22, Pages 502 and 503] that we should have assumed
(A0) instead of (A1), where:

(A0) (Localization) Let € € (0,1). Let us consider either w = (0,¢) or w = (1 —¢,1). Let a € L*>(0, 1) be a
non-negative function such that a(z) > ag > 0 for almost every x € w.

One of the contributions of this paper is the adaptation of the method introduced by Tebou in [22] to the
one-dimensional case in such a way that (1.10) and (1.11) can still be shown with a weaker assumption than
(AO), namely (A1).

Regarding the study of the control properties of microbeams, we mention that the exact boundary
controllability was analyzed in [10,24,27], the boundary stabilization with linear feedback controls was
addressed in [23,25] and the exact boundary observability was studied in [5].

The rest of this paper is organized as follows. In Section 2 we prove the well-posedness results needed
for the study of (1.2) with (1.7). Then, in Section 3 we prove our main result, which is the exponential or
polynomial decay of the energy given by Theorem 1.1.

2. Well-posedness

In this section we apply the semigroup theory exposed in [1] to obtain the well-posedness results needed
for the study of (1.2) with (1.7). We proceed as in [8,9,14]. Let us introduce some notations. Let us consider
the Hilbert spaces H = L?(0,1) and V = H3(0, 1) respectively equipped with the inner products

1 1
(z,9)y = /zy dr and (z,y)y = /(z”y” +2"y"") dax.
0 0

Note that the latter can be done due to Poincaré’s inequality. We identify H with its dual space H* to
obtain the continuous and dense injections V < H < V*, where V* = H~3(0, 1) is the dual space of V. We
employ (-, )y« to denote the duality product between V* and V. Let us define the operators A: V — V*
and B : V — H respectively through

(A2, ) ey = (2,9)y and Bz = ag(z). (2.1)
Lemma 2.1. The operators defined through (2.1) are well defined.

Proof. The operator A : V' — V™ is defined through a bilinear continuous form, thus it is well defined.
Introducing the sets 1 = {z € (0,1) / |2(z)| < 1} and Qo = {z € (0,1) / |z(x)] > 1} we see that the
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operator B : V. — H is also well defined. Indeed, thanks to (A2), Holder’s inequality and the continuous
injection V' < L>°(0,1) there exists a constant C' > 0 such that

2 S
18215 < ol g [ el d + ol w2135, / Pds
2

1

<c /|z| de| +ClzPs 2/|z|2daz cevV (2.2)

The proof of Lemma 2.1 is complete. 0O

Additionally, we also consider the Hilbert space H =V x H equipped with the inner product

((z9),(Z.Y))y = (2 2)y + (4, Y )y
Finally, let us define the operator A : D(A) C H — H by
DA) ={(zy) eV xV /Az+ Bye H} and A(z,y)=(—y,Az+ By). (2.3)
Lemma 2.2. We have that D(A) = (H°(0,1)NV) x V.

Proof. Let us show that (H°(0,1)NV)xV C D(A). By Lemma 2.1 we only need to show that z € H®(0,1)NV
implies that Az € H. Assuming that z € H®(0,1) NV, three integrations by parts and the fact that

2" — " e H allow us to deduce the desired result since

<Azy¢>v*><v — (Z,¢)V — (Z/l// _ Z/////,,d))H — <ZI/// _ Z/,////7¢>V*Xv, ¢ c V

Now, let us show that D(A) C (H%(0,1)NV) x V. By Lemma 2.1 we only need to show that z € V and
Az € H imply that z € H(0,1) N'V. Assuming that z € V and Az € H, one integration by parts yields

(AZ7¢)H = <Aza¢>v*><v = (Z7¢)V = (_1)3 (Z/ - Z,//3¢/,/)H7 ¢ S C(C;O(Oa 1)7

from which it follows that Az = (2 — 2””)"” in the sense of distributions. Finally, taking into account [2,
Chapter 8, Remark 7], we deduce the desired result since 2z’ — 2"/ € H and (2’ — 2’"")"”” € H. The proof of
Lemma 2.2 is complete. 0O

Let us note that in the proof of Lemma 2.2 we have deduced that Az = 2" — 2" if z € H%(0,1) NV.
Then, with the aid of the operator defined by (2.3) and Lemma 2.2 we see that (1.2) with (1.7) can be
written as

d
pr (z,2¢) + A(z,2¢) =0, te€]0,00), (2.4)

(2,2¢) (0) = (20, 21) -

We are going to obtain some well-posedness results for (1.2) with (1.7) by applying the semigroup theory
0 (2.4). The main result of this section is the following one.

Proposition 2.1. The operator defined by (2.3) is a mazimal monotone operator in H.
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Proof. In view of [1, Proposition 2.2] we see that it suffices to prove that the operator A is monotone and
that R(I + .A) = H. Let us prove the first part. Let (z,y) and (Z,Y) be elements of D (A). Then, thanks
to Lemma 2.2, three integrations by parts, (A1) and (1.8) we have

(.A(z,y) - 'A(Za Y)a (z,y) - (Za Y))?-L
= ((_(y - Y)vA(Z - Z))a (Z - Zay - Y))?—L + ((Osz - BY)a (Z - Zay - Y))H
=Y. 2-2)y+(Az—2),y-Y)g +(By—BY,y—Y)y
=(By—BY,y—Y)y, >0.
Now, let us prove the second part, that is to say, to prove that for any (zo,y0) € H there exists (z,y) €

D (A) such that (I + A)(z,y) = (z — y,y + Az + By) = (20, y0). To this end, for yg — Azp € V* let us
consider the problem:

Find y€V suchthat y+ Ay+ By =1yo— Azg in V™. (2.5)
Let us assume that we have solved (2.5). Then, introducing z = y + zp € V we see from (2.5) that
Az+ By = yp — y in V*, which tells us that Az + By € H because yg —y € H. Accordingly, we have found

a (z,y) € D (A) such that (I + A)(z,y) = (z —y,y + Az + By) = (20,%0). Now, it only left to solve (2.5).
In order to do so, let us define the functional J : V' — R by

1 s
1 1 .
T(y) = 5llyllz + 5 llyll +/G(y) dz — (yo — Az0,y)y. .y  with G(s) = a/g(t) dt.
0 0

Since (A1) and (1.8) imply
0<Gy) < (Byy, yeV, (26)

it follows that the functional is well defined due to the Cauchy—Schwarz inequality and (2.2). Indeed, there
exists a constant C' > 0 such that

1 1 1 B
[T ()| < SllyllF + glly\l%/ +C (Ilyllf’} + lylly 1||y||H> Iyl + llyo — Azollv-llyllv, y€V.

Now, let us show that the functional is convex, coercive and lower-semicontinuous. In view of (A1) and (1.8)
we get

(G'(y1) =G (y2)) (y1 —2) =20, (y1,42) €V XV,

which allows us to conclude that the functional is convex (see [20, Proposition 3.10]). From (2.6) and the
Cauchy—Schwarz inequality we get

1
J(y) = Iyl — llyo — Azo|

vellylv, yev,

thus implying that the functional is coercive because J(y) — oo as |ly||ly — oo. Finally, the functional is
lower-semicontinuous because it is continuous. Indeed, by (1.8), (2.2) and the Cauchy—Schwarz inequality
there exists a constant C' > 0 such that
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1G(y1) — G(y2)ll 10,1y < IBy2llllyr — ol

L —
< C (lwallf + vl yzllar ) s = vellu, (wr,32) €V x V.

Therefore, we infer the existence of a § € V' minimizing the functional (see [20, Theorem 2.19]). Since such
a minimizer § € V satisfies

O = <J/(:g)7 ¢>V* xV — <Q =+ Ag + Bg - (yO - AZO) 7¢>V*><V ’ ¢ € Vva
we see that § € V solves (2.5). The proof of Proposition 2.1 is complete. O

Let us apply the semigroup theory to (2.4). For every (z9,21) € D (A) we have that (2.4) has a unique
strong solution (z, z;) € L°°(0,00; D (A))NW1°°(0, 00, H) in virtue of Proposition 2.1 and [1, Theorem 3.1].
Furthermore, its solution map (zg,21) € D (A) C H — (2, 2:) (t,-) € H is a contraction for each ¢ € [0, c0).
Since D (A) is dense in H due to Lemma 2.2, such a solution map can be extended by continuity to a unique
map S(t) : H — H so that (z,2;) (t,-) = S(¢)(z0,21) for each t € [0,00) when (zp,21) € D (A). It can be
checked that (S(t)),s is a strongly continuous semigroup of contractions in H (see [1, Page 55]), thus for
any (zo,21) € H we may define the unique weak solution of (2.4) by S(t)(z0,21) with the property that
t € [0,00) — S(t)(20,21) € H is a continuous map.

Remark 2.1. For a given (29, 21) € H let us take the unique weak solution S(t)(zo, z1) of (2.4). Since D (A) is
dense in H due to Lemma 2.2, there exists a sequence {(2on, 21n)},,eny C D (A) such that (zon, 21n) — (20, 21)
in H as n — oo. Now, for each n € N let us take the corresponding unique strong solution S(t)(zon, 21,) of
(2.4). Therefore, since (S(t)),>, is a strongly continuous semigroup of contractions in H, for each ¢ € [0, o0)
we have that S(t)(zon, 21n) = S(t)(20, 21) in H as n — oo.
The previous analysis is translated into the following result.

Proposition 2.2. Let us assume (A1) and (A2).

(i) Let (20,21) € (H®(0,1) N'V) x V. Then, (1.2) with (1.7) has a unique strong solution z €

L>(0,00; H5(0,1) N V) N W12°(0, 00; V) N W222(0, 00; H).
(ii) Let (29,21) € Vx H. Then, (1.2) with (1.7) has a unique weak solution z € C([0,00); V)NCL([0,0); H).

3. Internal stabilization

In this section we prove our main result, which is the exponential or polynomial decay of the energy
given by Theorem 1.1. To this end, we are going to apply an integral inequality derived by Komornik that
can be found in [13, Theorem 1.4] or [14, Theorem 9.1].

Theorem 3.1. Let E : [0,00) — [0,00) be a non-increasing function. Assume that there exist constants a > 0
and 8 > 0 such that

/ E(r)Hdr < BE(t), € [0,00), (3.1)

Then, we have
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E(0)ex 1—17 te|0,00), if a=0,
b < O exp{1-5} telo,00), if

1 (3.2)
Ba (1+ L) t-a, te(0,00), if a>0.

Remark 3.1. The second line of the right-hand side of (3.2), corresponding to the case a > 0, is a consequence
of [13, Section 1, (1.22)] or [14, Section 9, (2)]. We have preferred the current expression to clearly appreciate
the polynomial behavior.

Proof of Theorem 1.1. In virtue of the density argument presented in Remark 2.1, it suffices to perform all
the required computations assuming that (zq,21) € (H°(0,1) N HZ(0,1)) x H3(0,1), so that (1.2) with (1.7)
has by Proposition 2.2 a unique strong solution z € L (0, 00; H®(0,1) N HZ(0,1)) N W12°(0, 00; H3(0,1)) N
W22°(0,00; L?(0,1)).

In view of (A1) and (1.8) we see that multiplying (1.2) with (1.7) by 2:(¢, ) and then performing some
integrations by parts on (0,1) yield

1
/ag z)zede <0, te0,00), (3.3)
0

which tells us that the energy is a non-increasing function. Then, in order to apply Theorem 3.1 we need
to obtain constants o > 0 and 8 > 0 such that the energy satisfies (3.1). This will be done by employing
several multiplier techniques. We split the proof into four parts.

Part 1. Let 0 < t; < t2 < co. Let m € C* ([0,1]) be such that m(0) = 0. Let o > 0 to be determined
later. Multiplying (1.2) with (1.7) by E(t)*m(x)z,(t,x) and then performing some integrations by parts on
(t1,t2) x (0,1) we obtain

ty 1 1 t2
m' (12> + 3| 222 | + 5|200e |} )dzdt + /Eo‘mzzzt dx

t1 O 0 t1

t21 t21

7//O¢E°‘*1E’mz:¢zt d:cdtJr//Eo‘m"(zmzm+2zmmzm)dzdt
0 & 0

to 1
—l—//Eo‘(m’”zw +m" 2p2) 2aadrdt
t1 0
to 1 to
/ / E®mzyag(z) dedt — / ;E"‘m(l)|zmm(t,1)|2dt. (3.4)
ty t1

Then, choosing m(z) = x in (3.4) leads us to

to toy 1 1 ta
/E‘)‘Jrldt+//Eo‘(|zm|2 +2|zmz\ Ydxdt + /Eo‘xzrzt
t1 t1 O 0 th

to 1 to

ty 1
1
7//O¢E°‘71E':1rzxzt dmdt+//E xzzag(z) dedt = /§E°‘|zxm(t,1)|2dt. (3.5)
t1 0 0

t1 t1
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For a fixed zy € int(w) let us introduce gy = dist(xg,0w)/2 > 0 and wy = (2o — €0, Zo + €0), thus
obtaining that @y C w. Then, let us take a function g € C° ([0, 1]) satisfying that xo = 0 in [0, 29 — &¢]
and xo = 1 in [zg + €0, 1]. This time we see that choosing m(z) = xo(x) in (3.4) and then using Cauchy’s
inequality we get a constant C7 > 0 such that

to 1 t2 ty 1
/%Eﬂzmm(t, 1)2dt < /EO‘XOZzzt dxf//aEaflE’onmzt dxdt
t 0 . t 0
ty 1 t
—i—//Easzxag(zt) dxdt+01//E°‘|zt|2dxdt
it 0 t1 wo

ta
+Cl//Ea(\zx|2+ \zm|2+ \zxm|2)da¢dt,

t1 wo
and hence, from (3.5) it follows

to t2

to 1 1
/E“+1dt+//E“(|zm|2+2|zxm|2)d:ﬂdt < /E“(—x—i—XO)zmzt dx
i 0 0

t1 t1

ta 1 ta 1

—I—//an‘_lE’(Jc—XO)zIzt dxdt—l—//Ea(—x—l—)(o)zwag(zt)dxdt
t1 0 0

ty

tz t2
—1—01//Ea|zt|2dxdt+01//Ea(\zz|2—|— |22z | + |Zoz|?)dadt. (3.6)

t1 wo t1 wo

Let us handle the first two terms of the right-hand side of (3.6). Using that (3.3) implies that E(t2) <
E(t1) < E(0) whenever 0 < t; < t3 < 00, the Cauchy and Poincaré inequalities give us a constant Cy > 0
such that

to

1 ty 1
/Eo‘(—x +X0)zz2t| dx + /an‘*lE’(w — X0)2z2¢ drdt < CoE(0)*E(ty). (3.7)
0

t1 t1 O
To end this part, we see that plugging (3.7) into (3.6) we arrive at

to to 1
/Ea+1dt +/ E(|2p0]? + 2|2000|?)dzdt < CoE(0)*E(t)
t1 t1 O

te 1 ta

+//Ea(—:v+Xo)zzag(zt)dxdt—l—(]'l//Ea|zt|2dwdt

t1 0 t1 wo

to
+C’1//Ea(|zm|2+|zm|2+|zmx|2)dzdt. (3.8)

t1 wo
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Part 2. In this part we handle the right-hand side of (3.8). Let us take a non-negative function x; € C§° (w)
such that x; = C; in wg. Note that this is possible because wy C w. Multiplying (1.2) with (1.7) by
E(t)*x1(z)z(t,z) and then performing some integrations by parts on (t1,t2) x (0,1) we obtain

to

to 1 to 1
C’l//Eo‘(|zm|2+|zmm|2)dxdt§ — /Eo‘xlzzt d:UJr//aEO‘*lE’Xlzzt dxdt

tl wo 0 tl tl 0

t2 1
- //Ea Xlz+2X1zm Zxx dxdt — //Ea Xlll/z+3X1Zz +3X1zzz)zzmr dxdt
tl 0

to 1 to
f//Eaxlzag(zt)da:dtJr//Eaxl|zt\2dxdt. (3.9)
t1 0 t1 0

To handle the first four terms of the right-hand side of (3.9) we can proceed as we did for the obtention
of (3.7) to get a constant C'3 > 0 such that

ta

1 to 1 ta 1
—/E"Xlzzt dac—ﬁ—//aEa*lE’Xlzzt dxdt—//Ea(xll’z+2x’12m)zmdxdt
0 i 0 i 0

by 1
— // (XY 2 + 3xY 2o + 3X) 202) 220x drdt < C3E(0)YE(t1)
0

ty
t2
//Eo‘|zmm|2da:dt+03//E0‘ (122 + |22 |* + |222|?)dzdt. (3.10)
tl w

Accordingly, plugging (3.10) into (3.9), and then, the resulting expression into (3.8), we find a constant
C4 > 0 such that

t2 tz 1
/E““dt +//Ea <|zm2 + g|zm|2) dzdt < C4E(0)*E(t1)
t1 0

t1

tay 1 ta
—|—C'4//E°‘(|z|—|—|zx|)|ag(zt)|dasdt+C4//E°‘\zt|2dmdt
t1 0 1 w
+C4//Ea(|z|2 + |22 > + | 202 ) dadt. (3.11)
tl w

In order to handle the last term of the right-hand side of (3.11) we recall useful convexity inequalities for
Sobolev spaces that can be found in [4, Chapter IV, (7.37)]; namely, there exists a constant C5 > 0 such

that
2 1 2 2
|2z]|"dx < — [ |zgx|“dz + Cse1 [ |2]°dx, €1 >0,
€1

1
/\zm|2da:§ €—/|zxm|2dx+055§/|z\2dx, g2 > 0.
2
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Considering €1 = 2C4 > 0 and €2 = Cy > 0, we apply the previous two convexity inequalities for Sobolev
spaces in (3.11) and then take into account that a(z) > ag > 0 for almost every z € w to get a constant
Cs > 0 such that

to

to 1
1 1
/Ea+1dt +//Ea (§|zm|2 + 5|zg[,,m2> dzdt < C4E(0)*E(t1)
ty t1 O
t2 1

e / / B2 (2] + 2 ) lag(z0) | dadt

to 1 ta 1

+C4//Eaa|zt|2d:rdt+06//Eo‘a|z\ dxdt. (3.12)

Part 3. In this part we handle the last term of the right-hand side of (3.12). To this end, we adapt an
idea introduced by Conrad and Rao in [3] that consists in selecting a multiplier as the weak solution of a
suitable elliptic problem. Let 2 = (0,1). As in [22, Page 515], for each ¢ € [t1,t2] let us consider

(3.13)

Xzzzex — Xzzzzzz = AZ in Qv
X:Xx:szZO on Of).

On the one hand, since a(-)z(t,-) € L?(0,1) for each t € [t1,t2], the Lax-Milgram theorem tells us that
(3.13) has a unique weak solution x(t,-) € Hg(0, 1) satisfying

1

/|xm(t7m)|2dx+/|sz(t,a:)|2dx:/a(:v)z(t Dt )z, e [t tal.
0 0

0

Here we see that the Cauchy and Poincaré inequalities give us a constant C7 > 0 such that

1
/| (t,2)| dm+/m (t,2)| dx<C7/|a St o)z, € [t ta]. (3.14)
0

On the other hand, since a(-)z(t,-) € L?(0,1) for each t € [t1,t2], we can proceed as we just did for the
obtention of (3.14) to conclude that x;(t,-) € H3(0, L) satisfies

/|Xt(t,x)|2dx < C7/|a(x)zt(t,x)|2dx, t € [t1,ta]. (3.15)
0 0

Multiplying (1.2) with (1.7) by E(t)*x(t, z), then performing some integrations by parts on (t1,t2) % (0, 1)
and finally recalling that x(¢,z) is the unique weak solution of (3.13) we obtain

ty 1 t2 tr 1
//Eo‘a| dadt = / Xz dx+//aE°‘71E'xztdxdt
. i 0
ta 1 to 1

—//Eaxag(zt)dxdtJr//Eaxtzt dzdt. (3.16)

t1 0 t1 O
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To handle the first two terms of the right-hand side of (3.16), we consider (3.14) and then proceed as we
did for the obtention of (3.7) to get a constant Cg > 0 such that

to ts

1 1
- /Eaxzt da:Jr//aEa*lE/th dxdt < CsE(0)*E(t1).
0 t1 t1 O

To end this part, we see that plugging the previous inequality into (3.16), and then, the resulting expres-
sion into (3.12), we find a constant Cy > 0 such that

t2 t2 1
1 1
/E““dt +//E°‘ (2|zm|2 + 2lzmﬂ> dadt < CoE(0)*E(ty)
t1 t1 O
to 1

+ Cg//E“(M 12| + |2 |ag(z0) | ddt

t1 0

ta 1 ta 1
+Cg//Eaa|zt|2dxdt+Cg//E‘“|tht|d:rdt. (3.17)

t1 O t1 0

Part 4. In this part we handle the last three terms of the right-hand side of (3.17). In this part we
consider a constant C1g > 0 that might vary from line to line. On the one hand, the continuous injection
H(0,1) < L>(0,1), (3.14) and Poincaré’s inequality allow us to obtain

to 1 to 1
//Ea(|z\—|—|zx|+\X|)|ag(zt)|dxdt§C’lo//EQE%Mg(zt)\dxdt.
t1 O t1 O

On the other hand, the Cauchy—Schwarz inequality and (3.15) imply

ta 1 ta 1 ta 1 3
//Eaa|zt|2d:cdt+/ E%|xze|dadt < C’lo/Eo‘E% /|azt|2dx dt.
t1 O t1 0 t1 0

Accordingly, combining (3.17) with the previous two inequalities lead us to

to to 1
1 1
/Ea“dt + //Ea <§|zm2 + 5zm|2) dzdt < C1oE(0)*E(ty)
t1 t1 O
1
ta 1 to 1 2
+ C1o / E°E?|ag(z)|dzdt + Cho / E“E? / laz|?dz | dt. (3.18)
t1 0 t1 0

In order to handle the last two terms of the right-hand side of (3.18), for each ¢ € [t;,t3] we introduce
the sets Q1(¢) = {z € (0,1) / |z:(t,z)| <1} and Q2(¢) = {z € (0,1) / |2(¢,z)| > 1}. Settingpy = R+1>1
and p; =1/5+1 > 1, we apply Holder’s inequality and then consider (A1), (A2), (1.8) and (3.3) to deduce



250 P. Guzmdn / J. Math. Anal. Appl. 467 (2018) 238-252

1
[lagtzliz = [ lagteolda+ [ laglen)|de
0 Q1(t) Qo (t)

1 1

P1 P2

<C ) C Sp2=1)g
< Cho lag(zt) |2t z| +Cuo |ag(zt)|]2| x
Ql(t) Qz(t)

S

< C’10(—E’)R#‘*'1 + Olo(—El)ﬁ, t e [tl,tz].

Similarly as we just did for the obtention of (3.19), we can also deduce

1
/|azt|2dx: / laz|*dx + / laz|*dx
0

2(t) Qa(t)

< Cho / |a9(2t)zt|%“d$+010 / lag(z¢)2t| dx
Q1 (t) Qs (1)

< 010(—E')RL+1 + Cio(—E"), telt,ta).

Accordingly, combining (3.18)—(3.20) yield

t2 tQ 1

1 1
/Ea“dt + //Ea (§|zm|2 + 5|zm|2> dxdt < C1oE(0)*E(ty)
t1 t1 O

to to to
+Clo/EaJr%(—E’)R%ldtJrClO/EO‘E%(—E’)s%dHClO/EaE%(—E’)%dt.
t1 ty (31

(3.19)

(3.20)

(3.21)

Let usset ps =1/R+1>1withgs =R+1>1landpy =S5+1>1with gy =1/5S+1 > 1, which satisfy
that 1/ps +1/g3 = 1 and 1/ps + 1/g4 = 1. Keeping in mind that (3.3) implies that E(t2) < E(t1) < E(0)

whenever 0 < t; <ty < 0o, we apply Young’s inequality to obtain

to to 2

/Ea+%(—E’)ﬁdt < L [ prletdg is? (—E")Aiidt
; P31 ; q3 ;
1 1 1

ta

S @ E(%+1)(a+%)dt + Cl()E?E(tl), g1 > O,
S
1 i
to to to
a4

/EGE%(—E')s%dt < L [penprog g Lo /E“(—E')é“%dt
t bas2 t “ t

1 1 1

ta
C — 1
< p) /Ea+1dt+ Chocd (0 E(ty), s >0,
2
t1

(3.22)

(3.23)
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to to 1 12
/EO‘E (—E')zdt < E°‘+1dt+—51/E”‘(—E’)dt
261 2
t1 t1 t1
< 5o / Eotlat + 51E(0)“E(t1) g1 > 0. (3.24)
1

Taking into account the combination of (3.21) with (3.22)—(3.24), we infer from (3.22) that we need to ask
a > 0so that (1/R+ 1) (a+1/2) = a+ 1, which only happens when o« = (R —1)/2 > 0. Let us choose
ey =c>0and ey = cE(0)"2 > 0. Then, from (3.21)~(3.24) it follows

t2 tz 1

— 1 1
/E%dt+//E¥ <§|zm|2+§|zmm|2) dxdt
t1 t1 0

to
C ] = :
< E10 E%dt—ka (E(O)% +€R+E§E(0) Ss i —|—5E(0) 1) E(t;), e>0.

t1

Here the choice of € = 2C1¢ > 0 gives us a constant C71 > 0 such that
to 1
/Eﬂdt + //E%qzmﬁ + |2wea|?)dadt < Ciy (1 + B(0) =+ 4 E(o)%) E(ty).

Finally, the previous inequality allows us to obtain (1.10) and (1.11) by letting ¢t — oo and then applying
(3.2) with

—1 —1 —1 -1
a= RT >0 and B=0Cp (1 + E(0) =T +E(0)RT) > 0.

The proof of Theorem 1.1 is complete. O
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