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Abstract

In this paper, we study the cost of null controllability of a fourth-order parabolic equation. When the con-
trol time is large enough, we prove that this cost decreases exponentially to zero as the diffusion coefficient 
of the equation vanishes. When the control time is small, on the contrary, we prove that this cost increases 
exponentially to infinity.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

Let T > 0 and L > 0. Define the space V := H 2 ∩ H 1
0 (0, L) and denote by V ∗ its dual space. 

We identify L2(0, L) with itself to obtain V ↪→ L2(0, L) ↪→ V ∗, with each continuous injection 
being dense in the following.
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In this paper, we consider the fourth-order parabolic equation⎧⎪⎪⎨⎪⎪⎩
zt + εzxxxx + Mzx = 0, (t, x) ∈ (0, T ) × (0,L),

z(t,0) = u1(t), z(t,L) = 0, t ∈ (0, T ),

zxx(t,0) = u2(t), zxx(t,L) = 0, t ∈ (0, T ),

z(0, x) = z0(x), x ∈ (0,L),

(1.1)

where ε > 0 and M ∈R are the diffusion and transport coefficients, respectively. The purpose of 
this paper is to study the cost of null controllability of equation (1.1). Being more precise, we are 
interested to know about its behavior with respect to the diffusion coefficient, and in particular, 
to know what happens as ε → 0+.

For a given space Z, the cost of null controllability of equation (1.1) is defined by

CZ(ε) := sup
z0∈Z
z0 �=0

min
(u1,u2)∈L2(0,T )2

z(T ,·)=0

‖u1‖2
L2(0,T )

+ ‖u2‖2
L2(0,T )

‖z0‖2
Z

. (1.2)

Of course, this number for being well defined requires equation (1.1) to be well posed and null 
controllable, with initial conditions z0 ∈ Z and boundary controls (u1, u2) ∈ L2(0, T )2. Our first 
result addresses this problem and tells us that we can take Z as V ∗, or any subspace of it.

Theorem 1.1. For every z0 ∈ V ∗, there exists (u1, u2) ∈ L2(0, T )2 such that the unique solu-
tion (defined by transposition) z ∈ C([0, T ]; V ∗) of equation (1.1) satisfies z(T , ·) = 0 in V ∗. 
Moreover, there exists C > 0, independent of (T , L, ε) ∈ (0, +∞)3 and M ∈ R, such that

‖u1‖2
L2(0,T )

+ ‖u2‖2
L2(0,T )

≤ C(L3 + L7)

T ε2 min {L4,L2π2,π4} exp

{
C

(
L4/3

T 1/3ε1/3
+ L|M|1/3

ε1/3
+ T L2|M|2

ε

)}
‖z0‖2

V ∗ . (1.3)

The proof of this result relies on the controllability–observability duality (see [7, Theo-
rem 2.44], [21, Remark 13.1] or [25, Theorem 11.2.1] for instance), and hence, we just focus on 
the obtention of an observability inequality for the adjoint equation associated to equation (1.1), 
which is ⎧⎪⎪⎨⎪⎪⎩

−qt + εqxxxx − Mqx = 0, (t, x) ∈ (0, T ) × (0,L),

q(t,0) = 0, q(t,L) = 0, t ∈ (0, T ),

qxx(t,0) = 0, qxx(t,L) = 0, t ∈ (0, T ),

q(T , x) = qT (x), x ∈ (0,L).

(1.4)

The main tool to obtain such an observability inequality is a Carleman estimate for adjoint equa-
tion (1.4). In the context of fourth-order parabolic equations, these estimates have been used 
for studying problems of internal control [6,14–16,26], boundary control [2,5] and stability of 
inverse problems [1,15,20]. However, none of these estimates is suitable for us because of the 
boundary conditions of adjoint equation (1.4). Hence, we derive a new Carleman estimate (see 
Proposition 3.1), which is optimal with respect to the existent ones in the sense that we use the 
optimal weight functions (see Remark 3.3).
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Another consequence of Theorem 1.1 is an upper bound for CV ∗(ε), namely

CV ∗(ε) ≤ C(L3 + L7)

T ε2 min {L4,L2π2,π4} exp

{
C

(
L4/3

T 1/3ε1/3
+ L|M|1/3

ε1/3
+ T L2|M|2

ε

)}
. (1.5)

Nevertheless, this information does not allow us to say anything about the behavior of CV ∗(ε)
as ε → 0+. We succeeded in saying something for CL2(0,L)(ε), but not from (1.5). In order to 
understand the behavior we expect to find for CL2(0,L)(ε) as ε → 0+, let us consider the control 
properties of the transport equation{

zt + Mzx = 0, (t, x) ∈ (0, T ) × (0,L),

z(0, x) = z0(x), x ∈ (0,L),

with the boundary conditions{
z(t,0) = u(t), t ∈ (0, T ), if M > 0,

z(t,L) = u(t), t ∈ (0, T ), if M < 0.

It is known (see [7, Theorem 2.6] for instance) that this equation is null controllable if and only 
if T ≥ L/|M|. Indeed, for any z0 ∈ L2(0, L), it suffices to take the boundary control u(·) = 0 to 
obtain z(T , ·) = 0 in L2(0, L). In virtue of this fact and Theorem 1.1, we expect that CL2(0,L)(ε)

would decrease to zero as ε → 0+ when T ≥ L/|M|. Furthermore, when T < L/|M|, on the con-
trary, we expect that CL2(0,L)(ε) would increase to infinity. This kind of problem was initially 
considered in [8] for the case of the heat equation with vanishing viscosity coefficient. Later, im-
provements have been done in [17,22,23]. For similar results concerning the linear Korteweg–de 
Vries equation with vanishing dispersion coefficient, we refer to [3,18,19]. Up to our knowledge, 
this is the first work addressing this kind of problem for a fourth-order parabolic equation.

In the following result, we establish the uniform null controllability, with respect to the diffu-
sion coefficient, of equation (1.1) when the control time is large enough and the initial condition 
is in L2(0, L).

Theorem 1.2. Let T ≥ 40L/|M| with M ∈ R − {0}. For every z0 ∈ L2(0, L), there exists 
(u1, u2) ∈ L2(0, T )2 such that the unique solution (defined by transposition) z ∈ C([0, T ]; V ∗)
of equation (1.1) satisfies z(T , ·) = 0 in V ∗. Moreover, there exist C1 > 0 and C2 > 0, both 
independent of (T , L, ε) ∈ (0, +∞)3 and M ∈R − {0}, such that

‖u1‖2
L2(0,T )

+ ‖u2‖2
L2(0,T )

≤ C1

ε2

(
L3 + L7

T

)
exp

{
−C2

L4/3

T 1/3ε1/3

}
‖z0‖2

L2(0,L)
. (1.6)

From (1.2) and (1.6) we deduce that CL2(0,L)(ε) decreases exponentially to zero as the diffu-
sion coefficient vanishes.

Corollary 1.3. Let T ≥ 40L/|M| with M ∈ R − {0}. Then, lim
ε→0+ CL2(0,L)(ε) = 0.

The proof of Theorem 1.2 follows the lines of [19], that is, we prove an observability in-
equality for adjoint equation (1.4) via the combination of an exponential dissipation result (see 
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Proposition 4.1) and a suitable Carleman estimate, which actually is the one used to prove The-
orem 1.1. Here, the optimality of that estimate is essential, not as in the proof of Theorem 1.1.

In the following result, we give a lower bound for the norms of the controls when the control 
time is small and the initial condition is in L2(0, L).

Theorem 1.4. Let T < L/|M| with M ∈ R − {0}. There exist C1 > 0, C2 > 0 and ε0 > 0 (inde-
pendent of ε > 0) and z0 ∈ V such that for any (u1, u2) ∈ L2(0, T )2 driving the unique solution 
(defined by transposition) z ∈ C([0, T ]; V ∗) of equation (1.1) to the null state satisfies

‖u1‖2
L2(0,T )

+ ‖u2‖2
L2(0,T )

≥ C1
ε3

ε5 + 1
exp

{
C2

T 1/3ε1/3

}
‖z0‖2

L2(0,L)
, ∀ε ∈ (0, ε0]. (1.7)

From (1.2) and (1.7) we deduce that CL2(0,L)(ε), and hence CV ∗(ε), increases exponentially 
to infinity as the diffusion coefficient vanishes.

Corollary 1.5. Let T < L/|M| with M ∈ R − {0}. Then, lim
ε→0+ CL2(0,L)(ε) = lim

ε→0+ CV ∗(ε) =
+∞.

The result given by Theorem 1.4 is similar to the one proved in [8, Theorem 2] for the case 
of the heat equation with vanishing viscosity coefficient. There, it is deduced that their cost of 
null controllability explodes as ε → 0+ when T < L/M if M > 0 and T < 2L/|M| if M < 0. 
The latter has been improved to T < 2

√
2L/|M| in [23, Theorem 1.3]. In view of this result, it is 

natural to expect in our case a similar asymmetry with respect to the sign of M ∈R − {0}. Since 
the same analysis cannot be applied to our case due to the structure of adjoint equation (1.4), we 
adapt the arguments introduced in [19], which later were applied in [3].

Remark 1.6. It would be interesting to study the cost of null controllability of equation (1.1)
when only one boundary control is considered. Nevertheless, the question of null controllability 
for that equation is an open problem. For instance, we could try to address that problem as in 
[4,6] by using the moment theory developed by Fattorini and Russell in [11]. However, we were 
not able to diagonalize the underlying spatial operator in equation (1.1) (see [17, Section 2.2]). 
Furthermore, this is the reason why the arguments employed in [8,17,23] are not suitable for us 
to prove Theorem 1.4.

This paper is organized as follows. In Section 2, we prove the well-posedness results needed 
throughout this paper. In Section 3, we prove Theorem 1.1, which states the null controllability of 
equation (1.1). In Sections 4.1 and 4.2, we prove Theorems 1.2 and 1.4, respectively, which are 
the results related to the cost of null controllability of equation (1.1). In Section 5, we comment 
about the extension of our results to other boundary conditions in equation (1.1). Finally, in 
Appendix A, we prove the new Carleman estimate.

2. Well-posedness

In this section, we present the well-posedness results needed for the study of equation (1.1). 
To this end, let us consider the equation
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⎧⎪⎪⎨⎪⎪⎩
zt + εzxxxx + Mzx = f, (t, x) ∈ (0, T ) × (0,L),

z(t,0) = u1(t), z(t,L) = 0, t ∈ (0, T ),

zxx(t,0) = u2(t), zxx(t,L) = 0, t ∈ (0, T ),

z(0, x) = z0(x), x ∈ (0,L).

(2.1)

2.1. Finite energy solutions

In this section, we derive some well-posedness results for equation (2.1) with regular enough 
data. We begin by applying the Faedo–Galerkin method to treat the case of homogeneous bound-
ary conditions. To this end, let us define A : D(A) ⊂ L2(0, L) → L2(0, L) by Aw := w′′′′ with

D(A) :=
{
w ∈ H 4(0,L) / w(0) = w′′(0) = 0, w(L) = w′′(L) = 0

}
.

This self-adjoint operator has a compact resolvent due to Rellich’s Theorem, and hence, it has 
a discrete spectrum consisting only in real eigenvalues, {λn}n∈N, with its corresponding eigen-
functions, {wn}n∈N, forming an orthonormal basis of L2(0, L). In this case, it is known that the 
eigenvalues and eigenfunctions are respectively given by

λn = π4n4

L4
, wn(x) =

√
2

L
sin

(πn

L
x
)
, n ∈ N.

Since the continuous injection V ↪→ L2(0, L) is also compact according to Rellich’s Theorem, 
we have that {wn}n∈N form an orthogonal basis of V (see [9, Theorem 7, p. 39] for instance).

Proposition 2.1. Let f ∈ L2(0, T ; L2(0, L)) and u1 = u2 = 0.

(a) If z0 ∈ L2(0, L), then equation (2.1) has a unique solution z ∈ C([0, T ]; L2(0, L)) ∩
L2(0, T ; V ). Moreover, there exists C > 0 such that

‖z‖L∞(0,T ;L2(0,L))∩L2(0,T ;V ) ≤ C
(‖f ‖L2(0,T ;L2(0,L)) + ‖z0‖L2(0,L)

)
. (2.2)

(b) If z0 ∈ V , then equation (2.1) has a unique solution z ∈ C([0, T ]; V ) ∩ L2(0, T ; D(A)). 
Moreover, there exists C > 0 such that

‖z‖L∞(0,T ;V )∩L2(0,T ;D(A)) ≤ C
(‖f ‖L2(0,T ;L2(0,L)) + ‖z0‖V

)
. (2.3)

Proof. The proof consists in applying the Faedo–Galerkin method. We just derive (2.2) and 
(2.3) and leave the details, that may be found in [10, Chapter 7] or [24, Chapter 2, Section 3]
for instance, to the reader. In what follows, we are going to use that ‖w(n)‖L2(0,L) + ‖w‖L2(0,L), 
with n ∈N, is a norm equivalent to the norm ‖w‖Hn(0,L).

Let t ∈ [0, T ]. On the one hand, multiplying equation (2.1) by z = z(t, x), then performing 
some integrations by parts on (0, L) and finally applying the Cauchy–Schwarz inequality, we 
get

1

2

d

dt

⎛⎝ L∫
|z|2dx

⎞⎠ + ε

L∫
|zxx |2dx ≤ ‖f (t, ·)‖L2(0,L)‖z(t, ·)‖L2(0,L).
0 0
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Here we integrate on (0, t) and then employ the Cauchy inequality to conclude

‖z(t, ·)‖2
L2(0,L)

+ 2ε

t∫
0

‖zxx(τ, ·)‖2
L2(0,L)

dτ

≤ 2‖f ‖2
L1(0,T ;L2(0,L))

+ 1

2
‖z‖2

L∞(0,T ;L2(0,L))
+ ‖z0‖2

L2(0,L)
.

The previous inequality allows us to obtain (2.2), but more precisely

‖z‖L∞(0,T ;L2(0,L))∩L2(0,T ;V ) ≤ C
(‖f ‖L1(0,T ;L2(0,L)) + ‖z0‖L2(0,L)

)
. (2.4)

On the other hand, multiplying equation (2.1) by zxxxx = zxxxx(t, x), then performing some 
integrations by parts on (0, L) and finally applying the Cauchy inequality, we get

1

2

d

dt

⎛⎝ L∫
0

|zxx |2dx

⎞⎠ + ε

2

L∫
0

|zxxxx |2dx ≤ 1

ε

L∫
0

|f |2dx + |M|2
ε

L∫
0

|zx |2dx.

Here we plug (2.2) to deduce (2.3). The proof of Proposition 2.1 is complete. �
The next result is inspired by [12, Remark 1]. It will be needed for the new Carleman estimate 

(see Remark 3.2).

Corollary 2.2. Let f ∈ L2(0, T ; L2(0, L)), u1 = u2 = 0 and z0 ∈ L2(0, L). Consider γ ∈
H 1(0, T ) such that γ (0) = 0. Then, the unique solution z ∈ C([0, T ]; L2(0, L)) ∩ L2(0, T ; V )

of equation (2.1) satisfies γ z ∈ C([0, T ]; V ) ∩ L2(0, T ; D(A)).

Proof. Let z ∈ C([0, T ]; L2(0, L)) ∩ L2(0, T ; V ) be the unique solution of equation (2.1) given 
by Proposition 2.1 (a). Then, thanks to equation (2.1), we have that p(t, x) := γ (t)z(t, x) satisfies 
the equation ⎧⎪⎪⎨⎪⎪⎩

pt + εpxxxx + Mpx = f + γ ′z, (t, x) ∈ (0, T ) × (0,L),

p(t,0) = 0, p(t,L) = 0, t ∈ (0, T ),

pxx(t,0) = 0, pxx(t,L) = 0, t ∈ (0, T ),

p(0, x) = 0, x ∈ (0,L).

(2.5)

Therefore, taking into account that f + γ ′z ∈ L2(0, T ; L2(0, L)), the result follows by applying 
Proposition 2.1 (b) to equation (2.5). The proof of Corollary 2.2 is complete. �

The proof of the next result also consists in applying the Faedo–Galerkin method.

Proposition 2.3. Let f ∈ L1(0, T ; V ), u1 = u2 = 0 and z0 ∈ V . Then, equation (2.1) has a 
unique solution z ∈ C([0, T ]; V ) ∩ L2(0, T ; D(A)). Moreover, there exists C > 0 such that

‖z‖L∞(0,T ;V )∩L2(0,T ;D(A)) ≤ C
(‖f ‖L1(0,T ;V ) + ‖z0‖V

)
. (2.6)
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Proof. As in the proof of Proposition 2.1, we just derive (2.6). Let t ∈ [0, T ]. Multiplying equa-
tion (2.1) by zxxxx = zxxxx(t, x), then performing some integrations by parts on (0, L) and finally 
applying the Cauchy inequality, we get

1

2

d

dt

⎛⎝ L∫
0

|zxx |2dx

⎞⎠ + ε

2

L∫
0

|zxxxx |2dx ≤
L∫

0

fxxzxx dx + |M|2
2ε

L∫
0

|zx |2dx.

Here we integrate on (0, t) and then employ the Cauchy–Schwarz and Cauchy inequalities to 
conclude

‖zxx(t, ·)‖2
L2(0,L)

+ ε

t∫
0

‖zxxxx(τ, ·)‖2
L2(0,L)

dτ

≤ 2‖f ‖2
L1(0,T ;V )

+ 1

2
‖zxx‖2

L∞(0,T ;L2(0,L))
+ ‖z0‖2

V + |M|2
ε

‖z‖2
L2(0,T ;V )

.

Therefore, we deduce (2.6) by plugging (2.4) into the previous inequality. The proof of Proposi-
tion 2.3 is complete. �

In order to treat the case of non-homogeneous boundary conditions, we employ a suitable 
lifting function together with Proposition 2.1 (a). To this end, let us introduce the space

H 1
r (0,L) :=

{
w ∈ H 1(0,L) / w(L) = 0

}
.

Proposition 2.4. Let f ∈ L2(0, T ; L2(0, L)), (u1, u2) ∈ H 1(0, T )2 and z0 ∈ L2(0, L). Then, 
equation (2.1) has a unique solution z ∈ C([0, T ]; L2(0, L)) ∩ L2(0, T ; H 2 ∩ H 1

r (0, L)). More-
over, there exists C > 0 such that

‖z‖L∞(0,T ;L2(0,L))∩L2(0,T ;H 2∩H 1
r (0,L))

≤ C
(‖f ‖L2(0,T ;L2(0,L)) + ‖(u1, u2)‖H 1(0,T )2 + ‖z0‖L2(0,L)

)
. (2.7)

Proof. Consider the lifting function

ψ(t, x) := u1(t)

(
− 1

L
x + 1

)
+ u2(t)

(
− 1

6L
x3 + 1

2
x2 − L

3
x

)
.

Taking into account that g := f − ψt − εψxxxx − Mψx and y0(x) := z0(x) − ψ(0, x) are 
elements of L2(0, T ; L2(0, L)) and L2(0, L), respectively, it follows that the equation⎧⎪⎪⎨⎪⎪⎩

yt + εyxxxx + Myx = g, (t, x) ∈ (0, T ) × (0,L),

y(t,0) = 0, y(t,L) = 0, t ∈ (0, T ),

yxx(t,0) = 0, yxx(t,L) = 0, t ∈ (0, T ),

y(0, x) = y (x), x ∈ (0,L),
0
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has a unique solution y ∈ C([0, T ]; L2(0, L)) ∩ L2(0, T ; V ) thanks to Proposition 2.1 (a). Fur-
thermore, in view of (2.2), that solution satisfies

‖y‖L∞(0,T ;L2(0,L))∩L2(0,T ;V ) ≤ C
(‖g‖L2(0,T ;L2(0,L)) + ‖y0‖L2(0,L)

)
. (2.8)

From ψ(t, 0) = u1(t) and ψxx(t, 0) = u2(t), we conclude that z := y + ψ , which belongs to 
C([0, T ]; L2(0, L)) ∩ L2(0, T ; H 2 ∩ H 1

r (0, L)), is a solution of equation (2.1). Because of the 
continuous injection H 1(0, T ) ↪→ L∞(0, T ), we can get the inequalities

‖g‖L2(0,T ;L2(0,L)) ≤ C
(‖f ‖L2(0,T ;L2(0,L)) + ‖(u1, u2)‖H 1(0,T )2

)
,

‖y0‖L2(0,L) ≤ C
(‖z0‖L2(0,L) + ‖(u1, u2)‖H 1(0,T )2

)
,

which combined with ‖z‖ − ‖ψ‖ ≤ ‖y‖ (valid for any norm) and (2.8) lead us to (2.7). That 
inequality and the linearity of the equation yield the uniqueness of solutions. The proof of Propo-
sition 2.4 is complete. �
2.2. Solutions defined by transposition

With the aim to motivate a definition of solution for equation (1.1), given the data (u1, u2) ∈
L2(0, T )2 and z0 ∈ V ∗, let us consider the next formal computations. After the change of variable 
t → T − t , Proposition 2.3 tells us that the equation⎧⎪⎪⎨⎪⎪⎩

−qt + εqxxxx − Mqx = g, (t, x) ∈ (0, T ) × (0,L),

q(t,0) = 0, q(t,L) = 0, t ∈ (0, T ),

qxx(t,0) = 0, qxx(t,L) = 0, t ∈ (0, T ),

q(T , x) = 0, x ∈ (0,L),

(2.9)

has a unique solution q ∈ C([0, T ]; V ) ∩ L2(0, T ; D(A)) for any g ∈ L1(0, T ; V ). Therefore, 
multiplying equation (1.1) by q = q(t, x) and then performing some integrations by parts, we 
get

T∫
0

L∫
0

z(t, x) (−qt (t, x) + εqxxxx(t, x) − Mqx(t, x)) dxdt +
L∫

0

z(t, x)q(t, x)|t=T
t=0 dx

− ε

T∫
0

z(t, x)qxxx(t, x)|x=L
x=0 dt − ε

T∫
0

zxx(t, x)qx(t, x)|x=L
x=0 dt = 0. (2.10)

Note that all the terms related to q = q(t, x) are well defined due to its regularity and the 
continuous injection H 4(0, L) ↪→ C3([0, L]). In order to give a sense to the previous formal 
computations, and keeping in mind the regularity of q = q(t, x), we present the following defi-
nition.

Definition 2.1. Let (u1, u2) ∈ L2(0, L)2 and z0 ∈ V ∗. We say that z = z(t, x) is a solution defined 
by transposition of equation (1.1) if z ∈ C([0, T ]; V ∗) is such that for every g ∈ L1(0, T ; V ) it 
satisfies
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〈z, g〉L∞(0,T ;V ∗)×L1(0,T ;V )

= 〈z0, q(0, ·)〉V ∗×V − ε

T∫
0

u1(t)qxxx(t,0) dt − ε

T∫
0

u2(t)qx(t,0) dt, (2.11)

with q = q(t, x) being the unique solution of equation (2.9) given by Proposition 2.3.

The results developed in this section allow us to justify the existence and uniqueness of solu-
tions defined by transposition for equation (1.1).

Proposition 2.5. Let (u1, u2) ∈ L2(0, L)2 and z0 ∈ V ∗. Then, equation (1.1) has a unique solu-
tion z ∈ C([0, T ]; V ∗) defined by transposition. Moreover, there exists C > 0 such that

‖z‖L∞(0,T ;V ∗) ≤ C
(‖(u1, u2)‖L2(0,T )2 + ‖z0‖V ∗

)
. (2.12)

Proof. For the moment, let us assume that (u1, u2) ∈ H 1(0, L)2 and z0 ∈ L2(0, L), so that equa-
tion (1.1) would have a unique solution z ∈ C([0, T ]; L2(0, L)) ∩ L2(0, T ; H 2 ∩ H 1

r (0, L)) due 
to Proposition 2.4. Note that in particular we have z ∈ C([0, T ]; V ∗).

Let g ∈ L1(0, T ; V ) and take q ∈ C([0, T ]; V ) ∩ L2(0, T ; D(A)), the corresponding unique 
solution of equation (2.9) given by Proposition 2.3. Multiplying equation (1.1) by q = q(t, x)

and then performing some integrations by parts, we see that z ∈ C([0, T ]; V ∗) satisfies (2.11).
In (2.11) we employ the Cauchy–Schwarz inequality to obtain

∣∣〈z, g〉L∞(0,T ;V ∗)×L1(0,T ;V )

∣∣
≤ C

(‖z0‖V ∗‖q(0, ·)‖V + ‖u1‖L2(0,T )‖qxxx(·,0)‖L2(0,T ) + ‖u2‖L2(0,T )‖qx(·,0)‖L2(0,T )

)
.

Hence, the continuous injection H 1(0, L) ↪→ L∞(0, L) together with (2.6) leads us to∣∣〈z, g〉L∞(0,T ;V ∗)×L1(0,T ;V )

∣∣ ≤ C
(‖(u1, u2)‖L2(0,T )2 + ‖z0‖V ∗

)‖g‖L1(0,T ;V ),

from which we deduce (2.12). Since the continuous injection L2(0, L) ↪→ V ∗ is dense, we can 
use (2.11), (2.12) and a density argument to conclude that equation (1.1) has a unique solution 
z ∈ C([0, T ]; V ∗) defined by transposition provided that (u1, u2) ∈ L2(0, T )2 and z0 ∈ V ∗. The 
proof of Proposition 2.5 is complete. �
3. Null controllability

This section is devoted to the proof of Theorem 1.1. The main tool of the proof is a Carleman 
estimate for adjoint equation (1.4). Let us introduce the weight functions

α(t, x) := β(t)

(
−1

2
x2 + 8Lx + L2

2

)
,

β(t) = 1
1/3 1/3

, (t, x) ∈ [0, T ] × [0,L]. (3.1)

t (T − t)



6494 N. Carreño, P. Guzmán / J. Differential Equations 261 (2016) 6485–6520
Following a procedure described in [13, Chapter I] due to Fursikov and Imanuvilov, we can 
obtain the next Carleman estimate, whose long and technical proof is given in Appendix A.

Proposition 3.1. There exists C > 0, independent of (T , L, ε) ∈ (0, +∞)3 and M ∈R, such that 
for any

s ≥ 9

40
T 1/3L−2/3ε−1/3 + 1

8
T 2/3L−1ε−1/3|M|1/3 + CT 2/3L−2, (3.2)

we have that the unique solution q = q(t, x) of adjoint equation (1.4) with qT ∈ L2(0, L) satisfies

T∫
0

L∫
0

e−2sα
(
s7L6β7|q|2 + s5L4β5|qx |2 + s3L2β3|qxx |2 + sβ|qxxx |2

)
dxdt

≤ C

T∫
0

e−2sα(t,0)
(
s5L5β(t)5|qx(t,0)|2 + sLβ(t)|qxxx(t,0)|2

)
dt. (3.3)

Remark 3.2. Every term in (3.3) is well defined in virtue of Corollary 2.2. Indeed, it suffices to 
take γ (t) = e−sα(t,0)β(t)1/2. Then, since α(t, x) ≥ α(t, 0) for every (t, x) ∈ [0, T ] × [0, L], we 
conclude that e−sαβ1/2qxxx ∈ L2(0, T ; L2(0, L)). Finally, e−sα(·,0)β1/2qxxx(·, 0) ∈ L2(0, T ) is 
a consequence of the continuous injection H 4(0, L) ↪→ C3([0, L]).

Remark 3.3. From the proof of Proposition 3.1 in Appendix A, we can directly check that (3.3)
remains valid, up to different constants in (3.2), if we take β(t) = t−m(T − t)−m with m ≥ 1/3. 
For this reason we claim that our estimate is the optimal one. Most of the existent Carleman 
estimates for fourth-order parabolic equations use m = 1 [1,5,6,14–16,20,26]. However, in [2] it 
is used m ≥ 2/5.

Remark 3.4. From the proof of Proposition 3.1 in Appendix A, we can directly check that 
(3.3) remains valid if we change the boundary conditions of adjoint equation (1.4) to q(t, 0) =
q(t, L) = 0 and qx(t, 0) = qx(t, L) = 0 for t ∈ (0, T ). Nevertheless, the constant C > 0 in (3.2)
might differ.

The next result is a consequence of this Carleman estimate and it will be useful to obtain 
the required observability inequality to prove Theorem 1.1. Furthermore, in Section 4, it will be 
useful for the study of the cost of null controllability of equation (1.1).

Lemma 3.5. Let n ∈ {0, 1, 2, 3}. There exists C > 0, independent of (T , L, ε) ∈ (0, +∞)3 and 
M ∈R, such that for any

s ≥ 9

40
T 1/3L−2/3ε−1/3 + 1

8
T 2/3L−1ε−1/3|M|1/3 + CT 2/3L−2,

we have that the unique solution q = q(t, x) of adjoint equation (1.4) with qT ∈ V satisfies
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3T/4∫
2T/3

L∫
0

∣∣∣∣∂nq

∂xn

∣∣∣∣2 dxdt

≤ C
(
L3−2n + L7−2n

)
exp

{
27sT −2/3L2

} T∫
0

(
|qx(t,0)|2 + |qxxx(t,0)|2

)
dt. (3.4)

Proof. In Proposition 3.1 we obtained

3T/4∫
2T/3

L∫
0

e−2sαs7−2nL6−2nβ7−2n

∣∣∣∣∂nq

∂xn

∣∣∣∣2 dxdt

≤ C

T∫
0

e−2sα(t,0)
(
s5L5β(t)5|qx(t,0)|2 + sLβ(t)|qxxx(t,0)|2

)
dt. (3.5)

To obtain the desired result, we are going to bound from below and above the quanti-
ties in (3.5). On the one hand, for (t, x) ∈ [2T/3, 3T/4] × [0, L] we have the inequalities 
(9/2)1/3T −2/3 ≤ β(t) ≤ (16/3)1/3T −2/3 and L2/2 ≤ (−1/2)x2 + 8Lx + (L2/2) ≤ 8L2, which 
imply

exp

{
−16

(
16

3

)1/3

sT −2/3L2

}
s7−2nL6−2n

(
9

2

) 7−2n
3

T
−14+4n

3

3T/4∫
2T/3

L∫
0

∣∣∣∣∂nq

∂xn

∣∣∣∣2 dxdt

≤
3T/4∫

2T/3

L∫
0

e−2sαs7−2nL6−2nβ7−2n

∣∣∣∣∂nq

∂xn

∣∣∣∣2 dxdt.

Hence, considering this inequality in (3.5) yields

exp

{
−16

(
16

3

)1/3

sT −2/3L2

}
s7−2nL6−2n

(
9

2

) 7−2n
3

T
−14+4n

3

3T/4∫
2T/3

L∫
0

∣∣∣∣∂nq

∂xn

∣∣∣∣2 dxdt

≤ C

T∫
0

e−2sα(t,0)
(
s5L5β(t)5|qx(t,0)|2 + sLβ(t)|qxxx(t,0)|2

)
dt. (3.6)

On the other hand, let t ∈ [0, T ]. The inequality ex ≥ xm/m!, which holds true for x ≥ 0 and 
m ∈ N, allows us to deduce that e(3/2)sα(t,0)

(
sL2β(t)/4

)m
/m! ≤ e2sα(t,0), which combined with 

41/3T −2/3 ≤ β(t) gives us
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e−2sα(t,0)smLmβ(t)m ≤ 4mm!
Lm

exp

{
−41/33

4
sT −2/3L2

}
.

Hence, the application of this inequality with m = 1 and m = 5 leads us to

T∫
0

e−2sα(t,0)
(
s5L5β(t)5|qx(t,0)|2 + sLβ(t)|qxxx(t,0)|2

)
dt ≤

(
45120

L5
+ 4

L

)
exp

{
−41/33

4
sT −2/3L2

} T∫
0

(
|qx(t,0)|2 + |qxxx(t,0)|2

)
dt. (3.7)

Finally, by plugging (3.7) into (3.6) and then using that s7−2nL6−2nT
−14+4n

3 ≥ CL−8+2n is a 
consequence of s ≥ CT 2/3L−2, we arrive at (3.4). From the regularity of q = q(t, x) given by 
Proposition 2.1 (b), we conclude that both qx(t, 0) and qxxx(t, 0) are well defined as elements of 
L2(0, T ) in virtue of the continuous injection H 4(0, L) ↪→ C3([0, L]). The proof of Lemma 3.5
is complete. �

We proceed to prove the null controllability of equation (1.1).

Proof of Theorem 1.1. In virtue of the controllability–observability duality, we need to prove 
that the unique solution q = q(t, x) of adjoint equation (1.4) with qT ∈ V satisfies

‖q(0, ·)‖2
V ≤ K(T ,L, ε,M)

T∫
0

(
|qx(t,0)|2 + |qxxx(t,0)|2

)
dt,

where

K(T ,L, ε,M) := C(L3 + L7)

T min {L4,L2π2,π4} exp

{
C

(
L4/3

T 1/3ε1/3
+ L|M|1/3

ε1/3
+ T L2|M|2

ε

)}
.

Note that the controllability–observability duality also implies an upper bound for the norm of 
the controls, namely

‖u1‖2
L2(0,T )

+ ‖u2‖2
L2(0,T )

≤ K(T ,L, ε,M)

ε2
‖z0‖2

V ∗ .

We have that the unique solution q ∈ C([0, T ]; V ) ∩L2(0, T ; D(A)) of adjoint equation (1.4), 
given by Proposition 2.1 (b), satisfies

−1

2

d

dt

⎛⎝ L∫
|qxx |2dx

⎞⎠ + ε

2

L∫
|qxxxx |2dx ≤ |M|2

2ε

L∫
|qx |2dx. (3.8)
0 0 0
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In order to handle the right-hand side of (3.8), we are going to use the Poincaré inequality. 
Since for every t ∈ [0, T ] we have that q(t, ·) ∈ V , it holds

L∫
0

|q(t, x)|2dx ≤ L2

π2

L∫
0

|qx(t, x)|2dx. (3.9)

Furthermore, after one integration by parts and the use of the Cauchy inequality, we see that for 
any δ > 0 it is valid

L∫
0

|qx(t, x)|2dx = −
L∫

0

q(t, x)qxx(t, x) dx ≤ 1

2δ

L∫
0

|q(t, x)|2dx + δ

2

L∫
0

|qxx(t, x)|2dx.

In this inequality we plug (3.9) and then choose δ = L2/π2 to obtain

L∫
0

|qx(t, x)|2dx ≤ L2

π2

L∫
0

|qxx(t, x)|2dx. (3.10)

Therefore, (3.8) together with (3.10) allows us to get

d

dt

⎛⎝exp

{ |M|2L2

π2ε
t

} L∫
0

|qxx |2dx

⎞⎠ ≥ 0,

which implies

‖qxx(0, ·)‖2
L2(0,L)

≤ 12

T
exp

{ |M|2L2

π2ε

3T

4

} 3T/4∫
2T/3

L∫
0

|qxx |2dxdt.

Note that in virtue of (3.9) and (3.10), we actually have

min

{
1

3
,

π2

3L2
,

π4

3L4

}
‖q(0, ·)‖2

V ≤ 12

T
exp

{ |M|2L2

π2ε

3T

4

} 3T/4∫
2T/3

L∫
0

|qxx |2dxdt.

Finally, (1.3) is a consequence of the previous inequality, Lemma 3.5 applied with n = 2 and 
the choice of

s = 9

40
T 1/3L−2/3ε−1/3 + 1

8
T 2/3L−1ε−1/3|M|1/3 + CT 2/3L−2.

The proof of Theorem 1.1 is complete. �
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4. Cost of null controllability

This section is devoted to the proof of Theorems 1.2 and 1.4. In order to prove these theorems, 
we need to deduce some properties for the solutions of adjoint equation (1.4).

4.1. Uniform cost

The purpose of this section is to prove Theorem 1.2. We begin by obtaining an exponential 
dissipation result for adjoint equation (1.4).

Proposition 4.1. Let M ∈ R − {0}. Consider 0 ≤ t1 < t2 ≤ T such that t2 − t1 > L/|M|. Then, 
the unique solution q = q(t, x) of adjoint equation (1.4) with qT ∈ L2(0, L) satisfies

L∫
0

|q(t1, x)|2dx ≤ exp

{
−3

4

(
1

44

)1/3
(|M|(t2 − t1) − L)4/3

(t2 − t1)1/3ε1/3

} L∫
0

|q(t2, x)|2dx. (4.1)

Proof. We adapt the ideas used in [19, Proposition 3.2]. Consider φ(t, x) := M(T − t) + x. For 
a μ ∈ R that we are going to specify later, multiply equation (1.4) by exp {μφ(t, x)}q(t, x) and 
then perform integrations by parts to get

−1

2

d

dt

⎛⎝ L∫
0

eμφ |q|2dx

⎞⎠ + ε

L∫
0

eμφ
(
μ2q + 2μqx + qxx

)
qxx dx = 0.

Further integrations by parts and the Cauchy inequality lead us to

−1

2

d

dt

⎛⎝ L∫
0

eμφ|q|2dx

⎞⎠ + ε

2
μ4

L∫
0

eμφ|q|2dx + ε

2

L∫
0

eμφ|qxx |2dx

≤ 3εμ2

L∫
0

eμφ |qx |2dx. (4.2)

We proceed to handle the right-hand side of (4.2). Once again, performing integrations by parts 
and then using the Cauchy inequality allow us to obtain

3εμ2

L∫
0

eμφ|qx |2dx = 3ε

2
μ4

L∫
0

eμφ |q|2dx − 3εμ2

L∫
0

eμφqqxx dx

≤ 6εμ4

L∫
0

eμφ |q|2dx + ε

2

L∫
0

eμφ |qxx |2dx,

which combined with (4.2) gives us
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− d

dt

⎛⎝e−11εμ4(T −t)

L∫
0

eμφ |q|2dx

⎞⎠ ≤ 0. (4.3)

Consider 0 ≤ t1 < t2 ≤ T such that t2 − t1 > L/|M|. Then, integrating (4.3) on (t1, t2) yields

e−11εμ4(T −t1)

L∫
0

eμφ(t1,x)|q(t1, x)|2dx ≤ e−11εμ4(T −t2)

L∫
0

eμφ(t2,x)|q(t2, x)|2dx. (4.4)

Now, we distinguish the following two cases.
Case 1: Here we consider M > 0 and μ > 0. Taking into account that φ(t2, x) ≤ M(T −

t2) + L and φ(t1, x) ≥ M(T − t1) are valid for every x ∈ [0, L], from (4.4) we get

L∫
0

|q(t1, x)|2dx ≤ eK1

L∫
0

|q(t2, x)|2dx, K1 := 11εμ4(t2 − t1) − μ(M(t2 − t1) − L) . (4.5)

Noting that M(t2 − t1) − L > 0, in (4.5) we choose the μ > 0 that minimizes K1, which is the 
one given by

μ =
(

M(t2 − t1) − L

44ε(t2 − t1)

)1/3

.

Therefore, by plugging this quantity into (4.5) we arrive at (4.1).
Case 2: Here we consider M < 0 and μ < 0. Taking into account that φ(t2, x) ≥ M(T − t2)

and φ(t1, x) ≤ M(T − t1) + L are valid for every x ∈ [0, L], from (4.4) we get

L∫
0

|q(t1, x)|2dx ≤ eK2

L∫
0

|q(t2, x)|2dx, K2 := 11εμ4(t2 − t1) + μ(−M(t2 − t1) − L) . (4.6)

Noting that −M(t2 − t1) − L > 0, in (4.6) we choose the μ < 0 that minimizes K2, which is the 
one given by

μ = −
(−M(t2 − t1) − L

44ε(t2 − t1)

)1/3

.

Therefore, by plugging this quantity into (4.6) we arrive at (4.1). The proof of Proposition 4.1 is 
complete. �

Now we are in position to prove one of our main results.

Proof of Theorem 1.2. In virtue of the controllability–observability duality, we need to prove 
that the unique solution q = q(t, x) of adjoint equation (1.4) with T ≥ 40L/|M| and qT ∈ V

satisfies
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L∫
0

|q(0, x)|2dx ≤ C1

(
L3 + L7

T

)
exp

{
−C2

L4/3

T 1/3ε1/3

}

×
∫

T
0

(
|qx(t,0)|2 + |qxxx(t,0)|2

)
dt. (4.7)

Note that the controllability–observability duality also implies an upper bound for the norm of 
the controls, namely

‖u1‖2
L2(0,T )

+ ‖u2‖2
L2(0,T )

≤ C1

ε2

(
L3 + L7

T

)
exp

{
−C2

L4/3

T 1/3ε1/3

}
‖z0‖2

L2(0,L)
.

In what follows we focus on the obtention of observability inequality (4.7), where we are 
going to use that adjoint equation (1.4) has a unique solution q ∈ C([0, T ]; V ) ∩L2(0, T ; D(A))

in virtue of Proposition 2.1 (b).
First, consider any T > 0 being such that 2T/3 > L/|M|. Let t ∈ [2T/3, 3T/4]. In Proposi-

tion 4.1 we take t1 = 0 and t2 = t to obtain

L∫
0

|q(0, x)|2dx ≤ exp

{
−3

4

(
1

44

)1/3
(|M|t − L)4/3

t1/3ε1/3

} L∫
0

|q(t, x)|2dx. (4.8)

Since under the previous setting we have

exp

{
−3

4

(
1

44

)1/3
(|M|t − L)4/3

t1/3ε1/3

}
≤ exp

⎧⎪⎨⎪⎩−3

4

(
1

33

)1/3
(

2T
3 |M| − L

)4/3

T 1/3ε1/3

⎫⎪⎬⎪⎭,

the integration of (4.8) on (2T/3, 3T/4) leads us to

L∫
0

|q(0, x)|2dx ≤ 12

T
exp

⎧⎪⎨⎪⎩−3

4

(
1

33

)1/3
(

2T
3 |M| − L

)4/3

T 1/3ε1/3

⎫⎪⎬⎪⎭
3T/4∫

2T/3

L∫
0

|q|2dxdt. (4.9)

Second, in Lemma 3.5 take n = 0 and fix

s = 9

40
T 1/3L−2/3ε−1/3 + 1

8
T 2/3L−1ε−1/3|M|1/3 + CT 2/3L−2.

Then, from the combination of (3.4) with (4.9), we get that there exists C1 > 0, independent of 
(T , L, ε) ∈ (0, +∞)3 and M ∈R − {0}, such that

L∫
|q(0, x)|2dx ≤ C1

(
L3 + L7

T

)
exp

{
K(T )

T 1/3ε1/3

} T∫ (
|qx(t,0)|2 + |qxxx(t,0)|2

)
dt, (4.10)
0 0



N. Carreño, P. Guzmán / J. Differential Equations 261 (2016) 6485–6520 6501
where

K(T ) := 27 · 9

40
L4/3 + 27 · 1

8
T 1/3L|M|1/3 − 3

4

(
1

33

)1/3 (
2T

3
|M| − L

)4/3

.

Note that the special choice of T = τL/|M|, with τ > 3/2, gives us

K

(
τL

|M|
)

= L4/3

[
27 · 9

40
+ 27 · 1

8
τ 1/3 − 3

4

(
1

33

)1/3 (
2τ

3
− 1

)4/3
]

. (4.11)

Finally, it can be checked that there exists τ∗ ∈ (3/2, 40] such that K (τL/|M|) is a decreasing 
function on [τ ∗, +∞). Furthermore, there exists C2 > 0, independent of (T , L, ε) ∈ (0, +∞)3

and M ∈R − {0}, such that

K

(
40L

|M|
)

≤ −C2L
4/3. (4.12)

Since K (τL/|M|) ≤ K (40L/|M|) when τ ≥ 40, we deduce (4.7), and hence (1.6), from (4.10), 
(4.11) and (4.12). The proof of Theorem 1.2 is complete. �
4.2. Proof of Theorem 1.4

We adapt the ideas used in [3, Theorem 1.5] and [19, Theorem 1.4]. Let T < L/|M| and set 
R := (L − |M|T )/5 > 0. Throughout the proof, we make distinctions between the cases M > 0
and M < 0 when needed. Fix a q̂T ∈ C∞([0, L]) satisfying

Supp(q̂T ) ⊂ (L − 2R,L − R) if M > 0,

Supp(q̂T ) ⊂ (3R,4R) if M < 0.

}
(4.13)

Also, we ask it to satisfy

‖q̂T ‖L2(0,L) = 1. (4.14)

Let q̂ ∈ C([0, T ]; V ) ∩ L2(0, T ; D(A)) be the unique solution of adjoint equation (1.4) associ-
ated to q(T , ·) = q̂T (·) given by Proposition 2.1 (b). In view of (4.14), that solution satisfies

L∫
0

|̂q(t, x)|2dx + 2ε

T∫
t

L∫
0

|̂qxx(τ, x)|2dxdτ = 1, t ∈ [0, T ]. (4.15)

Our goal is to prove the following points.

• There exists ε0 > 0 such that

1

2
≤ ‖q̂(0, ·)‖2

L2(0,L)
, ∀ε ∈ (0, ε0] . (4.16)
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• There exists C1 > 0 such that

‖q̂xxx(·,0)‖2
L2(0,T )

+ ‖q̂x(·,0)‖2
L2(0,T )

≤ C1

(
1 + 1

ε
+ 1

ε2
+ 1

ε3

) T∫
0

R∫
0

|̂q|2dxdt. (4.17)

• There exist C1 > 0 and C2 > 0 such that

T∫
0

R∫
0

|̂q|2dxdt ≤ C1

(
1 + ε + 1

ε

)
exp

{
− C2

T 1/3ε1/3

}
. (4.18)

Before obtaining (4.16), (4.17) and (4.18), we proceed to explain how these inequalities allow 
us to conclude the result. For a z0 ∈ L2(0, L) to be selected, we know by Theorem 1.1 that 
there exists (u1, u2) ∈ L2(0, T )2 such that the unique solution (defined by transposition) z ∈
C([0, T ]; V ∗) of equation (1.1) satisfies z(T , ·) = 0 in V ∗. Hence, multiplying equation (1.1) by 
q̂ = q̂(t, x) and then performing some integrations by parts, we arrive at

〈z0, q̂(0, ·)〉V ∗×V = ε

T∫
0

u1(t )̂qxxx(t,0) dt + ε

T∫
0

u2(t )̂qx(t,0) dt.

Accordingly, by selecting z0(·) := q̂(0, ·) ∈ V ⊂ L2(0, L), we get

‖q̂(0, ·)‖2
L2(0,L)

≤ ε

2

(
‖u1‖2

L2(0,T )
+ ‖u2‖2

L2(0,T )

)(
‖q̂xxx(·,0)‖2

L2(0,T )
+ ‖q̂x(·,0)‖2

L2(0,T )

)
,

from which we deduce (1.7) thanks to (4.16), (4.17), (4.18) and Young’s inequality.

Proof of (4.16). Let us introduce ψ(t, x) := q̂T (M(T − t) + x). Note that ψ(t, ·) ∈ C∞
0 ([0, L])

for every t ∈ [0, T ] according to (4.13). Hence, multiplying adjoint equation (1.4) by ψ =
ψ(t, x), then performing some integrations by parts and finally using (4.14), we obtain

1 =
L∫

0

q̂(0, x)ψ(0, x) dx + ε

T∫
0

L∫
0

q̂ψxxxx dxdt

≤ 1

2
‖q̂(0, ·)‖2

L2(0,L)
+ 1

2
‖ψ(0, ·)‖2

L2(0,L)
+ ε‖q̂‖L2(0,T ;L2(0,L))‖ψxxxx‖L2(0,T ;L2(0,L)).

(4.19)

We proceed to handle the right-hand side of (4.19). On the one hand, (4.13), the change of 
variable MT + x → x and (4.14) allow us to deduce

L∫
|ψ(0, x)|2dx =

∫
|̂qT (x)|2dx = 1. (4.20)
0 Supp(q̂T )
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On the other hand, (4.13) and the change of variables (t,M(T − t) + x) → (t, x) imply

T∫
0

L∫
0

|ψxxxx |2dxdt =
T∫

0

∫
Supp(q̂T )

|̂q ′′′′
T (x)|2dxdt = T ‖q̂ ′′′′

T ‖2
L2(0,L)

. (4.21)

Therefore, since ‖q̂‖L2(0,T ;L2(0,L)) ≤ T 1/2 is valid due to (4.15), we see that the combination of 
(4.19) together with (4.20) and (4.21) lead us to(

1

2
− εT ‖q̂ ′′′′

T ‖L2(0,L)

)
≤ 1

2
‖q̂(0, ·)‖2

L2(0,L)
, (4.22)

from which we deduce (4.16) by setting

ε0 := 1

4T ‖q̂ ′′′′
T ‖L2(0,L)

. �

Proof of (4.17). First, multiplying adjoint equation (1.4) by (R − x)4q̂ = (R − x)4q̂(t, x) and 
then performing some integrations by parts, we arrive at

− 1

2

d

dt

⎛⎝ R∫
0

(R − x)4 |̂q|2dx

⎞⎠ + ε

R∫
0

(R − x)4 |̂qxx |2dx + ε

R∫
0

(R − x)2 |̂qx |2dx + 12ε

R∫
0

|̂q|2dx

+ 4εR3 |̂qx(t,0)|2 = 2M

R∫
0

(R − x)3 |̂q|2dx + 25ε

R∫
0

(R − x)2 |̂qx |2dx. (4.23)

In order to deal with the last term of the right-hand side of (4.23), we perform one integration by 
parts and then employ the Cauchy inequality to get

25ε

R∫
0

(R − x)2 |̂qx |2dx ≤ Cε

R∫
0

|̂q|2dx + ε

2

R∫
0

(R − x)4 |̂qxx |2dx.

Hence, plugging this inequality into (4.23), then integrating the resulting expression on (0, T )

and finally using the fact that ̂qT (x) = 0 for x ∈ [0, R], which is a consequence of (4.13), give us

R∫
0

(R − x)4 |̂q(0, x)|2dx + ε

T∫
0

R∫
0

(R − x)4 |̂qxx |2dxdt + ε

T∫
0

R∫
0

(R − x)2 |̂qx |2dxdt

+ 8εR3‖q̂x(·,0)‖2
L2(0,T )

≤ C(ε + |M|R3)

T∫
0

R∫
0

|̂q|2dxdt. (4.24)
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Second, multiplying adjoint equation (1.4) by (R − x)8q̂xxxx = (R − x)8q̂xxxx(t, x) and then 
performing some integrations by parts, we arrive at

− 1

2

d

dt

⎛⎝ R∫
0

(R − x)8 |̂qxx |2dx

⎞⎠ + ε

R∫
0

(R − x)8 |̂qxxxx |2dx

= 16

R∫
0

(R − x)7q̂t q̂xxx dx − 56

R∫
0

(R − x)6q̂t q̂xx dx + M

R∫
0

(R − x)8q̂x q̂xxxx dx. (4.25)

We proceed to handle the right-hand side of (4.25), and in order to do so, we are going to use that 
q̂t = εq̂xxxx − Mq̂x . For the first term, we perform integration by parts twice and then employ 
the Cauchy inequality to obtain

16

R∫
0

(R − x)7q̂t q̂xxx dx ≤ 56ε

R∫
0

(R − x)6 |̂qxxx |2 − 8εR7 |̂qxxx(t,0)|2

+ C|M|R3

R∫
0

(R − x)4 |̂qxx |2dx + C|M|R3

R∫
0

(R − x)2 |̂qx |2dx. (4.26)

As we did previously, we have

56ε

R∫
0

(R − x)6 |̂qxxx |2dx ≤ Cε

R∫
0

(R − x)4 |̂qxx |2dx + ε

6

R∫
0

(R − x)8 |̂qxxxx |2dx,

which combined with (4.26) yields

16

R∫
0

(R − x)7q̂t q̂xxx dx ≤ −8εR7 |̂qxxx(t,0)|2 + C|M|R3

R∫
0

(R − x)2 |̂qx |2

+ C
(
ε + |M|R3

) R∫
0

(R − x)4 |̂qxx |2dx + ε

6

R∫
0

(R − x)8 |̂qxxxx |2dx. (4.27)

To handle the remaining two terms, we employ the Cauchy inequality to get

− 56

R∫
(R − x)6q̂t q̂xx dx + M

R∫
(R − x)8q̂x q̂xxxx dx ≤ C

|M|2R6

ε

R∫
(R − x)2 |̂qx |2
0 0 0



N. Carreño, P. Guzmán / J. Differential Equations 261 (2016) 6485–6520 6505
+ Cε

R∫
0

(R − x)4 |̂qxx |2dx + ε

3

R∫
0

(R − x)8 |̂qxxxx |2dx. (4.28)

Hence, plugging (4.27) and (4.28) into (4.25), then integrating the resulting expression on (0, T )

and finally using the fact that ̂q ′′
T (x) = 0 for x ∈ [0, R], which is a consequence of (4.13), give us

R∫
0

(R − x)8 |̂qxx(0, x)|2dx + ε

T∫
0

R∫
0

(R − x)8 |̂qxxxx |2dxdt

+ 16εR7‖q̂xxx(·,0)‖2
L2(0,T )

≤ C

(
|M|R3 + |M|2R6

ε

) T∫
0

R∫
0

(R − x)2 |̂qx |2dxdt

+ C
(
ε + |M|R3

) T∫
0

R∫
0

(R − x)4 |̂qxx |2dxdt.

Finally, from the combination of (4.24) with the previous inequality we deduce

‖q̂xxx(·,0)‖2
L2(0,T )

+ ‖q̂x(·,0)‖2
L2(0,T )

≤ C

(
1

R3
+ 1

R7

)(
1 + |M|R3

ε
+ |M|2R6

ε2
+ |M|3R9

ε3

) T∫
0

R∫
0

|̂q|2dxdt,

which leads us to (4.17). �
Proof of (4.18). Let us fix a ϕ ∈ C∞(R) such that

ϕ ≥ 0 and ϕ′ ≤ 0 in R. (4.29)

Also, we ask it to satisfy

ϕ = 1 in (−∞,L − 3R] and ϕ = 0 in [L − 2R,+∞) if M > 0,

ϕ = 1 in (−∞,2R] and ϕ = 0 in [3R,+∞) if M < 0.

}
(4.30)

Following the idea used in the proof of Proposition 4.1, we define φ(t, x) := M(T − t) +x. For 
a μ > 0 that we are going to specify later, multiply adjoint equation (1.4) by ϕ(φ) exp(−μφ)̂q

and then perform several integrations by parts to get

− 1

2

d

dt

⎛⎝ L∫
ϕ(φ)e−μφ |̂q|2dx

⎞⎠ + ε

L∫
ϕ(φ)e−μφ |̂qxx |2dx + ε

(
ϕ(φ)e−μφ

)
x
|̂qx |2

∣∣∣x=L

x=0

0 0
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= ε

2

L∫
0

(
ϕ(φ)e−μφ

)
xxxx

|̂q|2dx − 2ε

L∫
0

(
ϕ(φ)e−μφ

)
xx

q̂xx q̂ dx. (4.31)

We proceed to handle some terms of (4.31). For the boundary terms, we have that (4.29)
and (4.30), the latter implying ϕ(φ(t, L)) = ϕ′(φ(t, L)) = 0 for t ∈ [0, T ] because of

φ(t,L) ≥ L if M > 0,

φ(t,L) ≥ 5R if M < 0,

}
allow us to deduce

(
ϕ(φ)e−μφ

)
x
|̂qx |2

∣∣∣x=L

x=0
= − [

ϕ′(φ(t,0)) − μϕ(φ(t,0))
]
e−μφ(t,0) |̂qx(t,0)|2 ≥ 0. (4.32)

For the first term of the right-hand side of (4.31), we have

ε

2

L∫
0

(
ϕ(φ)e−μφ

)
xxxx

|̂q|2dx ≤ εμ4

2

L∫
0

ϕ(φ)e−μφ |̂q|2dx

+ Cε(1 + μ + μ2 + μ3)

L∫
0

(|ϕ′(φ)| + |ϕ′′(φ)| + |ϕ′′′(φ)| + |ϕ′′′′(φ)|) e−μφ |̂q|2dx. (4.33)

Let us introduce

I (t) = [L − 3R − M(T − t),L − 2R − M(T − t)] if M > 0,

I (t) = [2R − M(T − t),3R − M(T − t)] if M < 0.

}
(4.34)

Then, (4.30), (4.34) and the change of variable M(T − t) + x → x imply

L∫
0

(|ϕ′(φ)| + |ϕ′′(φ)| + |ϕ′′′(φ)| + |ϕ′′′′(φ)|) e−μφ |̂q|2dx ≤ ‖ϕ‖W 4,∞(I (T ))

∫
I (t)

e−μφ |̂q|2dx,

which combined with (4.33) yields

ε

2

L∫
0

(
ϕ(φ)e−μφ

)
xxxx

|̂q|2dx ≤ εμ4

2

L∫
0

ϕ(φ)e−μφ |̂q|2dx

+ Cε(1 + μ + μ2 + μ3)

∫
I (t)

e−μφ |̂q|2dx. (4.35)

For the second term of the right-hand side of (4.31), we proceed as we just did for the obtention 
of (4.35) and then employ the Cauchy inequality to obtain
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− 2ε

L∫
0

(
ϕ(φ)e−μφ

)
xx

q̂xx q̂ dx ≤ ε

L∫
0

ϕ(φ)e−μφ |̂qxx |2dx + εμ4

L∫
0

ϕ(φ)e−μφ |̂q|2dx

+ Cε(1 + μ)

∫
I (t)

e−μφ(|̂q|2 + |̂qxx |2)dx. (4.36)

Accordingly, from the combination of (4.31), (4.32), (4.35) and (4.36), we arrive at

− d

dt

⎛⎝e−3εμ4(T −t)

L∫
0

ϕ(φ)e−μφ |̂q|2dx

⎞⎠
≤ Cε(1 + μ + μ2 + μ3)e−3εμ4(T −t)

∫
I (t)

e−μφ
(
|̂q|2 + |̂qxx |2

)
dx. (4.37)

Let us introduce

α :=
{

L − 3R , if M > 0,

2R , if M < 0,

and note that from (4.34) we have α ≤ φ(t, x) for (t, x) ×[0, T ] × I (t). Taking into account that 
Supp(̂qT ) ∩ Supp(ϕ) = ∅ is valid due to (4.13) and (4.30), integrating (4.37) on (t, T ) and then 
using (4.15) lead us to

L∫
0

ϕ(φ(t, x))e−μφ(t,x) |̂q(t, x)|2dx ≤ C(1 + μ + μ2 + μ3)e3εμ4T −μα(εT + 1). (4.38)

Now, we truncate the integral of the left-hand side of (4.38). Introducing

β :=
{

L − 4R , if M > 0,

R , if M < 0,

we see that φ(t, x) ≤ β for (t, x) ∈ [0, T ] ×[0, R], implying ϕ(φ) = 1 in [0, T ] ×[0, R] in virtue 
of (4.30). Hence, using β − α = −R in (4.38) gives us

R∫
0

|̂q(t, x)|2dx ≤ C(1 + μ + μ2 + μ3)eK(εT + 1), K := 3εμ4T − Rμ. (4.39)

Finally, we choose the μ > 0 that minimizes K , which is the one given by

μ = R1/3

121/3T 1/3ε1/3
.

Therefore, plugging this quantity into (4.39) we deduce (4.18) in view of Young’s inequality. The 
proof of Theorem 1.4 is complete. �
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5. Further remarks

In this section, we extend our main results to other boundary conditions in equation (1.1). To 
this end, let us consider the fourth-order parabolic equation⎧⎪⎪⎨⎪⎪⎩

zt + εzxxxx + Mzx = 0, (t, x) ∈ (0, T ) × (0,L),

z(t,0) = u1(t), z(t,L) = 0, t ∈ (0, T ),

zx(t,0) = u2(t), zx(t,L) = 0, t ∈ (0, T ),

z(0, x) = z0(x), x ∈ (0,L).

(5.1)

In this case, the corresponding adjoint equation is given by⎧⎪⎪⎨⎪⎪⎩
−qt + εqxxxx − Mqx = 0, (t, x) ∈ (0, T ) × (0,L),

q(t,0) = 0, q(t,L) = 0, t ∈ (0, T ),

qx(t,0) = 0, qx(t,L) = 0, t ∈ (0, T ),

q(T , x) = qT (x), x ∈ (0,L).

(5.2)

Here we consider V := H 2
0 (0, L) and keep identifying L2(0, L) with itself, obtaining V ∗ =

H−2(0, L). Note that all the well-posedness results needed for studying equation (5.1) can be 
adapted from [5, Section 2].

• Null controllability. As in equation (1.1), the null controllability of equation (5.1) with 
only one boundary control is an open problem (see Remark 1.6). Thanks to Remark 3.4, 
Theorem 1.1 and Corollary 1.3 remain valid for equation (5.1). Note that we could use the 
Carleman estimates [5, Theorem 3.5] or [20, Proposition 2] to deduce the null controllability 
part of Theorem 1.1. However, these estimates do not allow us to get (1.3) because of the 
non-optimality of their weight functions (see Remark 3.3).

• Cost of null controllability. From the previous point, we have that the cost of null controlla-
bility of equation (5.1), defined in (1.2), is well defined if we take Z as V ∗, or any subspace 
of it. In this case, the exponential dissipation result for adjoint equation (5.2) is better than 
the one for adjoint equation (1.4).

Proposition 5.1. Let M ∈ R − {0}. Consider 0 ≤ t1 < t2 ≤ T such that t2 − t1 > L/|M|. Then, 
the unique solution q = q(t, x) of adjoint equation (5.2) with qT ∈ L2(0, L) satisfies

L∫
0

|q(t1, x)|2dx ≤ exp

{
−

(
3

16

)2/3
(|M|(t2 − t1) − L)4/3

(t2 − t1)1/3ε1/3

} L∫
0

|q(t2, x)|2dx. (5.3)

The slightly improvement from − 3
4

(
1
44

)1/3
in (4.1) to − 

(
3

16

)2/3
in (5.3) is due to the bound-

ary conditions of adjoint equation (5.2) and allows us to get a lower control time for the uniform 
null controllability, with respect to the diffusion coefficient, of equation (5.1) when the initial 
condition is in L2(0, L).

Theorem 5.2. Let T ≥ 28L/|M| with M ∈ R − {0}. For every z0 ∈ L2(0, L), there exists 
(u1, u2) ∈ L2(0, T )2 such that the unique solution (defined by transposition) z ∈ C([0, T ]; V ∗)
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of equation (1.1) satisfies z(T , ·) = 0 in V ∗. Moreover, there exist C1 > 0 and C2 > 0, both 
independent of (T , L, ε) ∈ (0, +∞)3 and M ∈R − {0}, such that

‖u1‖2
L2(0,T )

+ ‖u2‖2
L2(0,T )

≤ C1

ε2

(
L3 + L7

T

)
exp

{
−C2

L4/3

T 1/3ε1/3

}
‖z0‖2

L2(0,L)
. (5.4)

As in the proof of Theorem 1.2, the main tools for proving Theorem 5.2 are the exponential 
dissipation result given by Proposition 5.1 and the Carleman estimate given by Proposition 3.1
(see Remark 3.4). Finally, Theorem 1.4 and Corollary 1.5 remain valid for equation (5.1).
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Appendix A. Carleman estimate

In this appendix, we prove the Carleman estimate given by Proposition 3.1. Recall the nota-
tions introduced at the beginning of Section 3.

Proof of Proposition 3.1. Let us set Lq := −qt + εqxxxx − Mqx . For s > 0, let us consider 
w := e−sαq , Pw := e−sαL(esαw) and the decomposition Pw =P1w +P2w +P3w given by

P1w := − wt + 4εs3α3
xwx + 4εsαxwxxx + 3εs3αx

(
α2

x

)
x
w − Mwx,

P2w :=
(
εs4α4

x − sαt

)
w + 6εs2α2

xwxx + εwxxxx + 6εs2
(
α2

x

)
x
wx − Msαxw,

P3w := 3εs2α2
xxw + 6εsαxxwxx. (A.1)

Independent of the decomposition that we could choose for Pw, taking the L2-norm in Q :=
(0, T ) × (0, L) to P1w +P2w =Pw −P3w, we get

‖P1w‖2
L2(Q)

+ 2 (P1w,P2w)L2(Q) + ‖P2w‖2
L2(Q)

= ‖Pw −P3w‖2
L2(Q)

,

from which it follows

(P1w,P2w)L2(Q) ≤ ‖Pw‖2
L2(Q)

+ ‖P3w‖2
L2(Q)

. (A.2)

The key point of the proof is to careful manipulate the terms that will appear when computing 
(P1w,P2w)L2(Q).

Computing (P1w,P2w)L2(Q). For (i, j) ∈ {1, 2, 3, 4, 5}2, we denote by Ii,j the L2-product 
in Q between the i-th term of P1w with the j -th term of P2w. Integrations by parts are performed 
and each resulting expression for Ii,j is listed below.
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• I1,1 = 2εs4
∫∫
Q

α3
xαxt |w|2dxdt − s

2

∫∫
Q

αtt |w|2dxdt.

• I1,2 = 12εs2
∫∫
Q

αxαxxwtwx dxdt − 6εs2
∫∫
Q

αxαxt |wx |2dxdt.

• I1,3 = ε

T∫
0

wxtwxx |x=L
x=0 dt.

• I1,4 = −12εs2
∫∫
Q

αxαxxwtwx dxdt.

• I1,5 = − sM

2

∫∫
Q

αxt |w|2dxdt.

• I2,1 = −14ε2s7
∫∫
Q

α6
xαxx |w|2dxdt + 6εs4

∫∫
Q

α2
xαxxαt |w|2dxdt

+ 2εs4
∫∫
Q

α3
xαxt |w|2dxdt.

• I2,2 = −60ε2s5
∫∫
Q

α4
xαxx |wx |2dxdt + 12ε2s5

T∫
0

α5
x |wx |2

∣∣∣x=L

x=0
dt.

• I2,3 = −12ε2s3
∫∫
Q

α3
xx |wx |2dxdt + 18ε2s3

∫∫
Q

α2
xαxx |wxx |2dxdt

+ 12ε2s3

T∫
0

αxα
2
xx |wx |2

∣∣∣x=L

x=0
dt

− 2ε2s3

T∫
0

α3
x |wxx |2

∣∣∣x=L

x=0
dt − 12ε2s3

T∫
0

α2
xαxxwxwxx

∣∣∣x=L

x=0
dt

+ 4ε2s3

T∫
0

α3
xwxwxxx

∣∣∣x=L

x=0
dt.

• I2,4 = 48ε2s5
∫∫
Q

α4
xαxx |wx |2dxdt.

• I2,5 = 8εs4M

∫∫
α3

xαxx |w|2dxdt.
Q
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• I3,1 = −120ε2s5
∫∫
Q

α2
xα

3
xx |w|2dxdt + 6εs2

∫∫
Q

αxxtαxx |w|2dxdt

+ 30ε2s5
∫∫
Q

α4
xαxx |wx |2dxdt − 6εs2

∫∫
Q

αxαxt |wx |2dxdt

− 6εs2
∫∫
Q

αtαxx |wx |2dxdt − 2ε2s5

T∫
0

α5
x |wx |2

∣∣∣x=L

x=0
dt + 2εs2

T∫
0

αtαx |wx |2
∣∣∣x=L

x=0
dt.

• I3,2 = −36ε2s3
∫∫
Q

α2
xαxx |wxx |2dxdt + 12ε2s3

T∫
0

α3
x |wxx |2

∣∣∣x=L

x=0
dt.

• I3,3 = −2ε2s

∫∫
Q

αxx |wxxx |2dxdt + 2ε2s

T∫
0

αx |wxxx |2
∣∣∣x=L

x=0
dt.

• I3,4 = 48ε2s3
∫∫
Q

α3
xx |wx |2dxdt − 48ε2s3

∫∫
Q

α2
xαxx |wxx |2dxdt

+ 48ε2s3

T∫
0

α2
xαxxwxwxx

∣∣∣x=L

x=0
dt − 48ε2s3

T∫
0

αxα
2
xx |wx |2

∣∣∣x=L

x=0
dt.

• I3,5 = −12εs2M

∫∫
Q

αxαxx |wx |2dxdt + 2εs2M

T∫
0

α2
x |wx |2

∣∣∣x=L

x=0
dt.

• I4,1 = 6ε2s7
∫∫
Q

α6
xαxx |w|2dxdt − 6εs4

∫∫
Q

α2
xαxxαt |w|2dxdt.

• I4,2 = 216ε2s5
∫∫
Q

α2
xα

3
xx |w|2dxdt − 36ε2s5

∫∫
Q

α4
xαxx |wx |2dxdt.

• I4,3 = −24ε2s3
∫∫
Q

α3
xx |wx |2dxdt + 6ε2s3

∫∫
Q

α2
xαxx |wxx |2dxdt

+ 12ε2s3

T∫
0

αxα
2
xx |wx |2

∣∣∣x=L

x=0
dt − 6ε2s3

T∫
0

α2
xαxxwxwxx

∣∣∣x=L

x=0
dt.

• I4,4 = −108ε2s5
∫∫
Q

α2
xα

3
xx |w|2dxdt.

• I4,5 = −6εs4M

∫∫
α3

xαxx |w|2dxdt.
Q
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• I5,1 = 2εs4M

∫∫
Q

α3
xαxx |w|2dxdt − sM

2

∫∫
Q

αxt |w|2dxdt.

• I5,2 = 6εs2M

∫∫
Q

αxαxx |wx |2dxdt − 3εs2M

T∫
0

α2
x |wx |2

∣∣∣x=L

x=0
dt.

• I5,3 = −εM

T∫
0

wxwxxx |x=L
x=0 dt + εM

2

T∫
0

|wxx |2
∣∣∣x=L

x=0
dt.

• I5,4 = −12εs2M

∫∫
Q

αxαxx |wx |2dxdt.

• I5,5 = − sM2

2

∫∫
Q

αxx |w|2dxdt.

Taking into account the previous computations, we define the distributed and boundary terms 
respectively by

D(w) := −8ε2s7
∫∫
Q

α6
xαxx |w|2dxdt − 18ε2s5

∫∫
Q

α4
xαxx |wx |2dxdt

− 60ε2s3
∫∫
Q

α2
xαxx |wxx |2dxdt − 2ε2s

∫∫
Q

αxx |wxxx |2dxdt

+ 4εs4
∫∫
Q

α3
xαxt |w|2dxdt − s

2

∫∫
Q

αtt |w|2dxdt − 12εs2
∫∫
Q

αxαxt |wx |2dxdt

− sM

∫∫
Q

αxt |w|2dxdt + 12ε2s3
∫∫
Q

α3
xx |wx |2dxdt + 4εs4M

∫∫
Q

α3
xαxx |w|2dxdt

− 12ε2s5
∫∫
Q

α2
xα

3
xx |w|2dxdt + 6εs2

∫∫
Q

αxxtαxx |w|2dxdt

− 6εs2
∫∫
Q

αtαxx |wx |2dxdt

− 18εs2M

∫∫
Q

αxαxx |wx |2dxdt − sM2

2

∫∫
Q

αxx |w|2dxdt, (A.3)

B(w,x) := 10ε2s5

T∫
α5

x |wx |2dt + 10ε2s3

T∫
α3

x |wxx |2dt + 2ε2s

T∫
αx |wxxx |2dt
0 0 0
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+ ε

T∫
0

wxtwxx dt − 24ε2s3

T∫
0

αxα
2
xx |wx |2dt + 30ε2s3

T∫
0

α2
xαxxwxwxx dt

+ 4ε2s3

T∫
0

α3
xwxwxxx dt + 2εs2

T∫
0

αtαx |wx |2dt − εs2M

T∫
0

α2
x |wx |2dt

− εM

T∫
0

wxwxxx dt + εM

2

T∫
0

|wxx |2dt, x ∈ {0,L}. (A.4)

Accordingly, the previous computations together with (A.3) and (A.4) lead us to

(P1w,P2w)L2(Q) =D(w) +B(w,L) −B(w,0). (A.5)

The next two parts of the proof are devoted to handle the terms in (A.3) and (A.4). To do this, 
we are going to use some properties of the weight functions defined in (3.1) that can be deduced 
from

1 ≤ T 2/3

41/3
β(t), |β ′(t)| ≤ T

3
β(t)4, |β ′′(t)| ≤ 11T 2

18
β(t)7, t ∈ [0, T ], (A.6)

L2

2
≤ −1

2
x2 + 8Lx + L2

2
≤ 8L2, 7L ≤ d

dx

(
−1

2
x2 + 8Lx + L2

2

)
≤ 8L, x ∈ [0,L]. (A.7)

Handling D(w). We first handle the first four terms in (A.3), which are the leading terms 
among the distributed terms. Using αxx(t, x) = −β(t) and αx(t, x) ≥ 7Lβ(t) into them yields

− 8ε2s7
∫∫
Q

α6
xαxx |w|2dxdt − 18ε2s5

∫∫
Q

α4
xαxx |wx |2dxdt − 60ε2s3

∫∫
Q

α2
xαxx |wxx |2dxdt

− 2ε2s

∫∫
Q

αxx |wxxx |2dxdt ≥ 8 · 76ε2
∫∫
Q

s7L6β7|w|2dxdt + 18 · 74ε2
∫∫
Q

s5L4β5|wx |2dxdt

+ 60 · 72ε2
∫∫
Q

s3L2β3|wxx |2dxdt + 2ε2
∫∫
Q

sβ|wxxx |2dxdt. (A.8)

The terms in (A.8) will allow us to absorb the remaining terms of (A.3) by choosing s > 0 in a 
suitable way. The following inequalities can be obtained by using the weight function defined in 
(3.1) together with (A.6) and (A.7).

•

∣∣∣∣∣∣∣4εs4
∫∫

α3
xαxt |w|2dxdt

∣∣∣∣∣∣∣ ≤ 4 · 84

3

T

εL2s3
ε2

∫∫
s7L6β7|w|2dxdt.
Q Q
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•

∣∣∣∣∣∣∣−
s

2

∫∫
Q

αtt |w|2dxdt

∣∣∣∣∣∣∣ ≤ 22

9

T 2

ε2L4s6
ε2

∫∫
Q

s7L6β7|w|2dxdt.

•

∣∣∣∣∣∣∣−12εs2
∫∫
Q

αxαxt |wx |2dxdt

∣∣∣∣∣∣∣ ≤ 4 · 82 T

εL2s3
ε2

∫∫
Q

s5L4β5|wx |2dxdt.

•

∣∣∣∣∣∣∣−sM

∫∫
Q

αxt |w|2dxdt

∣∣∣∣∣∣∣ ≤ 2

3

T

εL2s3

|M|T 2

εL3s3
ε2

∫∫
Q

s7L6β7|w|2dxdt.

•

∣∣∣∣∣∣∣24ε2s3
∫∫
Q

α3
xx |wx |2dxdt

∣∣∣∣∣∣∣ ≤ 12

42/3

T 4/3

L4s2
ε2

∫∫
Q

s5L4β5|wx |2dxdt.

•

∣∣∣∣∣∣∣4εs4M

∫∫
Q

α3
xαxx |w|2dxdt

∣∣∣∣∣∣∣ ≤ 83 |M|T 2

εL3s3
ε2

∫∫
Q

s7L6β7|w|2dxdt.

• −12ε2s5
∫∫
Q

α2
xα

3
xx |w|2dxdt ≥ 0.

•

∣∣∣∣∣∣∣6εs2
∫∫
Q

αxxtαxx |w|2dxdt

∣∣∣∣∣∣∣ ≤ 2

42/3

T

εL2s3

T 4/3

L4s2
ε2

∫∫
Q

s7L6β7|w|2dxdt.

•

∣∣∣∣∣∣∣−6εs2
∫∫
Q

αtαxx |wx |2dxdt

∣∣∣∣∣∣∣ ≤ 16
T

εL2s3
ε2

∫∫
Q

s5L4β5|wx |2dxdt.

•

∣∣∣∣∣∣∣−18εs2M

∫∫
Q

αxαxx |wx |2dxdt

∣∣∣∣∣∣∣ ≤ 36
|M|T 2

εL3s3
ε2

∫∫
Q

s5L4β5|wx |2dxdt.

• − sM2

2

∫∫
Q

αxx |w|2dxdt ≥ 0.

In (A.3) we employ (A.8) and the previous points to obtain
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D(w) ≥ D0(s)ε
2
∫∫
Q

s7L6β7|w|2dxdt +D1(s)ε
2
∫∫
Q

s5L4β5|wx |2dxdt

+ Cε2
∫∫
Q

s3L2β3|wxx |2dxdt + Cε2
∫∫
Q

sβ|wxxx |2dxdt, (A.9)

where

D0(s) = 8 · 76 − 4 · 84

3

T

εL2s3
− 22

9

T 2

ε2L4s6

− 2

3

T

εL2s3

|M|T 2

εL3s3
− 83 |M|T 2

εL3s3
− 2

42/3

T

εL2s3

T 4/3

L4s2
, (A.10)

D1(s) = 18 · 74 − 4 · 82 T

εL2s3
− 12

42/3

T 4/3

L4s2
− 16

T

εL2s3
− 36

|M|T 2

εL3s3
. (A.11)

In order to handle (A.10) and (A.11), we consider s > 0 such that

s ≥ C1T
1/3L−2/3ε−1/3 + C2T

2/3L−1ε−1/3|M|1/3 + C3T
2/3L−2, (A.12)

where C1 > 0, C2 > 0 and C3 > 0. In view of (4.11) of the proof of Theorem 1.2, we would like 
to choose C1 > 0 and C2 > 0 as small as possible, that is to say, the constants multiplying ε−1/3. 
Note that (A.12) implies

T

εL2s3
≤ 1

C3
1

,
|M|T 2

εL3s3
≤ 1

C3
2

,
T 4/3

L4s2
≤ 1

C2
3

, (A.13)

and hence, from (A.10) and (A.11) we get

D0(s) ≥ 8 · 76 − 4

3
· 84 1

C3
1

− 22

9

1

C6
1

− 2

3

1

C3
1

1

C3
2

− 83 1

C3
2

− 2

42/3

1

C3
1

1

C2
3

, (A.14)

D1(s) ≥ 18 · 74 − 4 · 82 1

C3
1

− 12

42/3

1

C2
3

− 14
1

C3
1

− 36
1

C3
2

. (A.15)

After the combination of (A.9) together with (A.14) and (A.15), it can be checked that the choice 
of C1 = 9/40, C2 = 1/8 and C3 > 0 large enough give us

D(w) ≥ Cε2
∫∫
Q

(
L6s7β7|w|2 + L4s5β5|wx |2 + L2s3β3|wxx |2 + sβ2|wxxx |2

)
dxdt. (A.16)

Handling B(w, x) for x ∈ {0, L}. Let us focus on the case x = L. We first handle the first 
three terms in (A.4), which are the leading terms among the boundary terms. Plugging αx(t, L) =
7Lβ(t) into them yields
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10ε2s5

T∫
0

αx(t,L)5|wx(t,L)|2dt + 10ε2s3

T∫
0

αx(t,L)3|wxx(t,L)|2dt

+ 2ε2s

T∫
0

αx(t,L)|wxxx(t,L)|2dt = 10 · 75ε2

T∫
0

s5L5β(t)5|wx(t,L)|2dt

+ 10 · 73ε2

T∫
0

s3L3β(t)3|wxx(t,L)|2dt + 14ε2

T∫
0

sLβ(t)|wxxx(t,L)|2dt. (A.17)

These terms, as in the previous part of the proof, will allow us to absorb the remaining terms 
in (A.4). We pay special attention to the fourth and sixth terms in (A.4), where it will be needed

wxx(t, x) = −2sαx(t, x)wx(t, x), (t, x) ∈ [0, T ] × {0,L},

which is a consequence of w = e−sαq and the boundary conditions of adjoint equation (1.4). 
The following inequalities can be obtained by using the weight function defined in (3.1) together 
with (A.6) and (A.7).

•
∣∣∣∣∣∣ε

T∫
0

wxt (t,L)wxx(t,L)dt

∣∣∣∣∣∣ ≤ 7

41/3 · 3

T

εL2s3

T 2/3

L2s
ε2

T∫
0

s5L5β(t)5|wx(t,L)|2dt.

•
∣∣∣∣∣∣−24ε2s3

T∫
0

αx(t,L)αxx(t,L)2|wx(t,L)|2dt

∣∣∣∣∣∣
≤ 168

42/3

T 4/3

L4s2
ε2

T∫
0

s5L5β(t)5|wx(t,L)|2dxdt.

• 30ε2s3

T∫
0

αx(t,L)2αxx(t,L)wx(t,L)wxx(t,L)dt ≥ 0.

•
∣∣∣∣∣∣4ε2s3

T∫
0

αx(t,L)3wx(t,L)wxxx(t,L)dt

∣∣∣∣∣∣ ≤ 4 · 75ε2

T∫
0

s5L5β(t)5|wx(t,L)|2dt

+ 7ε2

T∫
sLβ(t)|wxxx(t,L)|2dt.
0
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•
∣∣∣∣∣∣2εs2

T∫
0

αt (t,L)αx(t,L)|wx(t,L)|2dt

∣∣∣∣∣∣ ≤ 112

3

T

εL2s3
ε2

T∫
0

s5L5β(t)5|wx(t,L)|2dxdt.

•
∣∣∣∣∣∣−εs2M

T∫
0

αx(t,L)2|wx(t,L)|2dt

∣∣∣∣∣∣ ≤ 49

4

|M|T 2

εL3s3
ε2

T∫
0

s5L5β(t)5|wx(t,L)|2dxdt.

•
∣∣∣∣∣∣−εM

T∫
0

wx(t,L)wxxx(t,L)dt

∣∣∣∣∣∣ ≤ 1

43 · 7

|M|2T 4

ε2L6s6
ε2

T∫
0

s5L5β(t)5|wx(t,L)|2dt

+ 7ε2

T∫
0

sLβ(t)|wxxx(t,L)|2dt.

•
∣∣∣∣∣∣εM2

T∫
0

|wxx(t,L)|2dt

∣∣∣∣∣∣ ≤ 1

8

|M|T 2

εL3s3
ε2

T∫
0

s3L3β(t)3|wxx(t,L)|2dxdt.

In (A.4) we employ (A.17) and the previous points to obtain

B(w,L) ≥ B1(s)ε
2

T∫
0

s5L5β(t)5|wx(t,L)|2dt +B2(s)ε
2

T∫
0

s3L3β(t)3|wxx(t,L)|2dt, (A.18)

where

B1(s) = 6 · 75 − 7

41/3 · 3

T

εL2s3

T 2/3

L2s
− 168

42/3

T 4/3

L4s2
− 112

3

T

εL2s3

− 49

4

|M|T 2

εL3s3
− 1

43 · 7

|M|2T 4

ε2L6s6
, (A.19)

B2(s) = 10 · 73 − 1

8

|M|T 2

εL3s3
. (A.20)

In order to handle (A.19) and (A.20), we consider s > 0 as in (A.12). As we did in the previous 
part of the proof, in view of (4.11) of the proof of Theorem 1.2, we would like to choose C1 > 0
and C2 > 0 as small as possible, that is to say, the constants multiplying ε−1/3. Note that (A.13)
implies

B1(s) ≥ 6 · 75 − 7

41/3 · 3

1

C3
1

1

C2
3

− 168

42/3

1

C2
3

− 112

3

T

εL2s3
− 49

4

1

C3
2

− 1

43 · 7

1

C6
2

, (A.21)

B1(2) ≥ 10 · 73 − 1

8

1

C3
. (A.22)
2
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After the combination of (A.18) together with (A.21) and (A.22), it can be checked that the 
choice of C1 = 9/40, C2 = 1/8 and C3 > 0 large enough give us

B(w,L) ≥ 0. (A.23)

Let us focus on the case x = 0. Similar arguments as those used to handle the case x = L

allow us to conclude that if (A.12) holds with C1 = 9/40, C2 = 1/8 and C3 > 0 large enough, 
then we get

|B(w,0)| ≤ Cε2

T∫
0

(
L5s5β(t)5|wx(t,0)|2 + Lsβ(t)|wxxx(t,0)|2

)
dt. (A.24)

Gathering terms. From now on and until the end of the proof, we consider

s ≥ 9

40
T 1/3L−2/3ε−1/3 + 1

8
T 2/3L−1ε−1/3|M|1/3 + CT 2/3L−2,

with the constant C > 0 being as large as needed. On the one hand, from the combination of 
(A.5), (A.16), (A.23) and (A.24), we arrive at

1

C

∫∫
Q

(
L6s7β7|w|2 + L4s5β5|wx |2 + L2s3β3|wxx |2 + sβ|wxxx |2

)
dxdt

≤ 1

ε2 (P1w,P2w)L2(Q) + C

T∫
0

(
L5s5β(t)5|wx(t,0)|2 + Lsβ(t)|wxxx(t,0)|2

)
dt. (A.25)

On the other hand, by plugging αxx(t, x) = −β(t) into (A.1), then employing the Cauchy 
inequality we obtain

1

ε2
‖P3w‖2

L2(Q)
≤ C

T 2

L6s3

∫∫
Q

L6s7β7|w|2dxdt + C
T 2/3

L2s

∫∫
Q

L2s3β3|wxx |2dxdt.

Therefore, by taking into account (A.2), (A.25) and the previous inequality, we deduce

∫∫
Q

(
L6s7β7|w|2 + L4s5β5|wx |2 + L2s3β3|wxx |2 + sβ|wxxx |2

)
dxdt

≤ C

ε2
‖Pw‖2

L2(Q)
+ C

T∫
0

(
L5s5β(t)5|wx(t,0)|2 + Lsβ(t)|wxxx(t,0)|2

)
dt. (A.26)
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Conclusion. As we did in the previous parts, we can get the following inequalities.

•
∫∫
Q

e−2sα
(
L6s7β7

∣∣esαw
∣∣2 + L4s5β5

∣∣(esαw
)
x

∣∣2 + L2s3β3
∣∣(esαw

)
xx

∣∣2)dxdt

≤ C
T 4/3

L4s2

∫∫
Q

L6s7β7|w|2dxdt + C

2∑
k=0

∫∫
Q

L6−2ks7−2kβ7−2k

∣∣∣∣∂kw

∂xk

∣∣∣∣2 dxdt.

•
∫∫
Q

e−2sαsα
∣∣(esαw

)
xxx

∣∣2 dxdt ≤ C
T 4/3

L4s2

∫∫
Q

L6s7β7|w|2dxdt

+ C
T 4/3

L4s2

∫∫
Q

L4s5β5|wx |2dxdt + C

3∑
k=0

∫∫
Q

L6−2ks7−2kβ7−2k

∣∣∣∣∂kw

∂xk

∣∣∣∣2 dxdt.

Accordingly, the preceding inequalities tell us that

3∑
k=0

∫∫
Q

e−2sαL6−2ks7−2kβ7−2k

∣∣∣∣∂k(esαw)

∂xk

∣∣∣∣2 dxdt ≤ C

3∑
k=0

∫∫
Q

L6−2ks7−2kβ7−2k

∣∣∣∣∂kw

∂xk

∣∣∣∣2 dxdt.

Finally, combining this inequality with (A.26), and then considering w = e−sαq and Pw :=
e−sαL(esαw), we arrive at the desired Carleman estimate. The proof of Proposition 3.1 is com-
plete. �
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