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Abstract

In this paper, we study the cost of null controllability of a fourth-order parabolic equation. When the con-
trol time is large enough, we prove that this cost decreases exponentially to zero as the diffusion coefficient
of the equation vanishes. When the control time is small, on the contrary, we prove that this cost increases
exponentially to infinity.
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1. Introduction

Let T > 0 and L > 0. Define the space V := H>N H(} (0, L) and denote by V* its dual space.
We identify L2(0, L) with itself to obtain V < L2(0, L) < V*, with each continuous injection
being dense in the following.
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In this paper, we consider the fourth-order parabolic equation

2t + €Zxxxx + Mz =0, (,x)€(0,T) x (0, L),
z2(t,0) =ui(t), z(t,L)=0, te(0,T),
Zxx (1, 0) =ua(t), zxx(t, L) =0, 1t€(0,T),
2(0,x) =zo(x), x€(0,L),

(1.1)

where ¢ > 0 and M € R are the diffusion and transport coefficients, respectively. The purpose of
this paper is to study the cost of null controllability of equation (1.1). Being more precise, we are
interested to know about its behavior with respect to the diffusion coefficient, and in particular,
to know what happens as ¢ — 0.

For a given space Z, the cost of null controllability of equation (1.1) is defined by

lur 25, 7 + luzll?,
Cz(g) := sup min 0D 3 LoD (1.2)
20€Z (u1,u2)eL?(0,T)? llzoll%
20#£0 2(T,)=0

Of course, this number for being well defined requires equation (1.1) to be well posed and null
controllable, with initial conditions z¢ € Z and boundary controls (u1, u3) € L%(0, T)2. Our first
result addresses this problem and tells us that we can take Z as V*, or any subspace of it.

Theorem 1.1. For every zg € V*, there exists (u1,uz) € L*>(0, T)? such that the unique solu-
tion (defined by transposition) z € C([0, T1; V*) of equation (1.1) satisfies z(T,-) =0 in V*.
Moreover, there exists C > 0, independent of (T, L, ¢) € (0, +oo)3 and M € R, such that

2 2
”ul ”LZ(O,T) + ”u2”L2(0,T)

C(L3+L7 c L3 LIM|'3  TL?*M|? 5 3
T Te2min{L4, L2724} P T1/3¢1/3 + el/3 + € Izolly-. (1:3)

The proof of this result relies on the controllability—observability duality (see [7, Theo-
rem 2.44], [21, Remark 13.1] or [25, Theorem 11.2.1] for instance), and hence, we just focus on
the obtention of an observability inequality for the adjoint equation associated to equation (1.1),
which is

—qt + &qQxxxx — Mgy =0, (t,x)€(0,T) x (0, L),
q,0)=0, gz, L)=0, tr€(0,7),
qxx(t’o):()v C]xx(t,L):()’ te(ov T),
q(T,x)=qr(x), x€(0,L).

(1.4)

The main tool to obtain such an observability inequality is a Carleman estimate for adjoint equa-
tion (1.4). In the context of fourth-order parabolic equations, these estimates have been used
for studying problems of internal control [6,14—16,26], boundary control [2,5] and stability of
inverse problems [1,15,20]. However, none of these estimates is suitable for us because of the
boundary conditions of adjoint equation (1.4). Hence, we derive a new Carleman estimate (see
Proposition 3.1), which is optimal with respect to the existent ones in the sense that we use the
optimal weight functions (see Remark 3.3).
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Another consequence of Theorem 1.1 is an upper bound for Cy+(¢), namely

Cyx

(0 < — CE+LD c(LC LM TLAMPE (1.5)
g ex ) .
~ TeZmin{L4, L%72, m4} P T1/3g1/3 el/3 e

Nevertheless, this information does not allow us to say anything about the behavior of Cy=(¢)
as ¢ > 07. We succeeded in saying something for C 12(0,1)(€), but not from (1.5). In order to
understand the behavior we expect to find for C; 2 1(¢) as &€ — 07, let us consider the control
properties of the transport equation

zt+ Mz, =0, (t,x)e€(0,T)x (0,L),
z(0,x) =zo(x), xe€(0,L),

with the boundary conditions

2(t,0)=u(), te€(0,T), ifM=>0,
{ z2(t,L)y=u(), teO,T), ifM<O.
It is known (see [7, Theorem 2.6] for instance) that this equation is null controllable if and only
if T > L/|M]. Indeed, for any zg € L?(0, L), it suffices to take the boundary control u(-) =0 to
obtain z(T', -) =0 in L%(0, L). In virtue of this fact and Theorem 1.1, we expect that C2 1(€)
would decrease to zero as € — 07 when T > L/|M|. Furthermore, when T < L/|M|, on the con-
trary, we expect that C;2( ;(¢) would increase to infinity. This kind of problem was initially
considered in [8] for the case of the heat equation with vanishing viscosity coefficient. Later, im-
provements have been done in [17,22,23]. For similar results concerning the linear Korteweg—de
Vries equation with vanishing dispersion coefficient, we refer to [3,18,19]. Up to our knowledge,
this is the first work addressing this kind of problem for a fourth-order parabolic equation.
In the following result, we establish the uniform null controllability, with respect to the diffu-
sion coefficient, of equation (1.1) when the control time is large enough and the initial condition
isin L2(0, L).

Theorem 1.2. Let T > 40L/|M| with M € R — {0}. For every zg € L%(0, L), there exists
(u1,u) € L2(0, T)? such that the unique solution (defined by transposition) z € C([0, T]; V*)

of equation (1.1) satisfies z(T,-) = 0 in V*. Moreover, there exist C; > 0 and Cy > 0, both
independent of (T, L, €) € (0, +00)3 and M € R — {0}, such that

Ci (L*+L7 L3
2 2 2
”ul”LZ(O,T) + ”uZHLZ(O,T) =< 8_2 ( T exXp _C2T1/381/3 ||Z0”L2(0,L)' (16)

From (1.2) and (1.6) we deduce that C2 1)(¢) decreases exponentially to zero as the diffu-
sion coefficient vanishes.

Corollary 1.3. Let T > 40L/|M| with M € R — {0}. Then, lim+ Cr20.)(&) =0.
e—0 ’

The proof of Theorem 1.2 follows the lines of [19], that is, we prove an observability in-
equality for adjoint equation (1.4) via the combination of an exponential dissipation result (see
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Proposition 4.1) and a suitable Carleman estimate, which actually is the one used to prove The-
orem 1.1. Here, the optimality of that estimate is essential, not as in the proof of Theorem 1.1.

In the following result, we give a lower bound for the norms of the controls when the control
time is small and the initial condition is in L2(0, L).

Theorem 1.4. Let T < L/|M| with M € R — {0}. There exist C; > 0, C3 > 0 and gy > 0 (inde-
pendent of € > 0) and zo € V such that for any (u1, us) € L*(0, T)? driving the unique solution
(defined by transposition) z € C([0, T1; V*) of equation (1.1) to the null state satisfies

2 2 & 6)) 2
”I/t] ||L2(O,T) + ”uZ”Lz(O,T) Z Cl 85 + 1 CXP T1/381/3 ”ZOHLZ(O,L)’ VS € (07 80]- (17)

From (1.2) and (1.7) we deduce that C L2(0.L) (¢), and hence Cy=(¢), increases exponentially
to infinity as the diffusion coefficient vanishes.

Corollary 1.5. Let T < L/|M| with M € R — {0}. Then, lim+ Cra0.0)(8) = lim+ Cyx(e) =
+00. e—0 e—0

The result given by Theorem 1.4 is similar to the one proved in [8, Theorem 2] for the case
of the heat equation with vanishing viscosity coefficient. There, it is deduced that their cost of
null controllability explodes as ¢ — 07 when T < L/M if M >0 and T < 2L/|M|if M < 0.
The latter has been improved to T < 24/2L /IM| in [23, Theorem 1.3]. In view of this result, it is
natural to expect in our case a similar asymmetry with respect to the sign of M € R — {0}. Since
the same analysis cannot be applied to our case due to the structure of adjoint equation (1.4), we
adapt the arguments introduced in [19], which later were applied in [3].

Remark 1.6. It would be interesting to study the cost of null controllability of equation (1.1)
when only one boundary control is considered. Nevertheless, the question of null controllability
for that equation is an open problem. For instance, we could try to address that problem as in
[4,6] by using the moment theory developed by Fattorini and Russell in [11]. However, we were
not able to diagonalize the underlying spatial operator in equation (1.1) (see [17, Section 2.2]).
Furthermore, this is the reason why the arguments employed in [8,17,23] are not suitable for us
to prove Theorem 1.4.

This paper is organized as follows. In Section 2, we prove the well-posedness results needed
throughout this paper. In Section 3, we prove Theorem 1.1, which states the null controllability of
equation (1.1). In Sections 4.1 and 4.2, we prove Theorems 1.2 and 1.4, respectively, which are
the results related to the cost of null controllability of equation (1.1). In Section 5, we comment
about the extension of our results to other boundary conditions in equation (1.1). Finally, in
Appendix A, we prove the new Carleman estimate.

2. Well-posedness

In this section, we present the well-posedness results needed for the study of equation (1.1).
To this end, let us consider the equation
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Zt+&Zxxxx T Mzx = f, (t,x) €(0,T) x (0, L),
z(t,0) =u1(t), z(t,L)=0, te€(0,7T),
Zxx (£,0) =ua(?), zxx(t, L) =0, 1€(0,7),
2(0,x) =zo(x), x€(0,L).

(2.1)

2.1. Finite energy solutions

In this section, we derive some well-posedness results for equation (2.1) with regular enough
data. We begin by applying the Faedo—Galerkin method to treat the case of homogeneous bound-
ary conditions. To this end, let us define A : D(A) C L*(0, L) — L?(0, L) by Aw := w"” with

D(A) = [u) e H*0,L) / w(0) = w"(0) =0, w(L)=uw"(L) = 0} .

This self-adjoint operator has a compact resolvent due to Rellich’s Theorem, and hence, it has
a discrete spectrum consisting only in real eigenvalues, {A,},cN, With its corresponding eigen-
functions, {w, },eN, forming an orthonormal basis of L2(0, L). In this case, it is known that the
eigenvalues and eigenfunctions are respectively given by

N a4t ) 2 . (nn ) e N
=——, w,(x)=,/—sin{—x), n .
"ToLA " VL L

Since the continuous injection V < L?(0, L) is also compact according to Rellich’s Theorem,
we have that {w, },c form an orthogonal basis of V (see [9, Theorem 7, p. 39] for instance).

Proposition 2.1. Let f € L%(0, T; L*(0, L)) and uy = u» =0.

(a) If z0 € L%(0, L), then equation (2.1) has a unique solution z € C([0,T]; L%0,L)) N
L2(0, T; V). Moreover, there exists C > 0 such that

Izl L 0.7:220.nr20.7:v) < € (1L 20,7220, + 201l 2200.1) - (2.2)

(b) If zo € V, then equation (2.1) has a unique solution z € C([0,T]; V) N L?(0, T; D(A)).
Moreover, there exists C > 0 such that

||Z||Lw(o,r;v)nL2(o,T;D(A)) <C (||f||L2((),T;L2(0,L)) + ||ZO||V) . (2.3)

Proof. The proof consists in applying the Faedo—Galerkin method. We just derive (2.2) and
(2.3) and leave the details, that may be found in [10, Chapter 7] or [24, Chapter 2, Section 3]
for instance, to the reader. In what follows, we are going to use that |jw® || r20.0) T llwllz20,1)
with n € N, is a norm equivalent to the norm [|w|| g7 (0,1)-

Let t € [0, T]. On the one hand, multiplying equation (2.1) by z = z(¢, x), then performing
some integrations by parts on (0, L) and finally applying the Cauchy—Schwarz inequality, we
get

1d

L L
T, / |z %dx +5/ |zxxPdx < | (2, M2,z 20,1
0 0
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Here we integrate on (0, ¢) and then employ the Cauchy inequality to conclude

t
12001+ 22 [ oas (7 1,0
0

1
2 2 2
S 2”f”Ll(0,T;L2(0,L)) + E ||Z||LOO(0’T;L2(0’L)) + ”Z0”L2(O,L)'

The previous inequality allows us to obtain (2.2), but more precisely

Izl oo, 7:220.Lynz20.7:v) < € (Lf Lt o.: 220,y + 1200 22¢0,1)) - (2.4)

On the other hand, multiplying equation (2.1) by zZyxxx = Zxxxx (f, X), then performing some
integrations by parts on (0, L) and finally applying the Cauchy inequality, we get

| d L L | L M ’ L
&
—— /|zxx|2dx +—/|zm|2dxs—f|f|2dx+u/|zx|2dx.
2dt 2 & &

0 0 0 0

Here we plug (2.2) to deduce (2.3). The proof of Proposition 2.1 is complete. O

The next result is inspired by [ 12, Remark 1]. It will be needed for the new Carleman estimate
(see Remark 3.2).

Corollary 2.2. Let f € L?(0,T; L*(0,L)), u1 = u» =0 and z9 € L*(0, L). Consider y €
H'Y(0,T) such that y(0) = 0. Then, the unique solution z € C([0, T]; L>(0, L)) N L*(0,T; V)
of equation (2.1) satisfies yz € C([0, T1; V) N L%(0, T; D(A)).

Proof. Letz € C([0, T1; L%(0, L)) N L23(0, T; V) be the unique solution of equation (2.1) given
by Proposition 2.1 (a). Then, thanks to equation (2.1), we have that p(z, x) := y (¢)z(z, x) satisfies
the equation

pt +8pxxxx + Mpx = f + ylzr (t’-x) € (0’ T) X (Oa L)v
pt,0)=0, p(t,L)=0, t€(0,7),
pxx(tvo)z()v Pxx([»L)ZO» tE(O’ T)’
p(0,x)=0, xe€(,L).

2.5)

Therefore, taking into account that f 4+ y’z € L>(0, T; L?(0, L)), the result follows by applying
Proposition 2.1 (b) to equation (2.5). The proof of Corollary 2.2 is complete. O

The proof of the next result also consists in applying the Faedo—Galerkin method.

Proposition 2.3. Let f € Ll(O, T;V), uy =ur» =0 and zo € V. Then, equation (2.1) has a
unique solution z € C([0, T1; V) N L2(0, T; D(A)). Moreover, there exists C > 0 such that

Izll Lo 0.7:vyne2.m:peay < C (1 lLio.7:vy + lzollv) - (2.6)
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Proof. As in the proof of Proposition 2.1, we just derive (2.6). Let ¢ € [0, T']. Multiplying equa-
tion (2.1) by Zxxxx = Zxxxx (¢, X), then performing some integrations by parts on (0, L) and finally
applying the Cauchy inequality, we get

L

1d ; « |M|2 L

&

EE /|Zxx|2dx +§/|Zxxxx|2dx§[fxxzxxdx+ 2 /'ZX|2dx'
0 0 0 0

Here we integrate on (0, ) and then employ the Cauchy—Schwarz and Cauchy inequalities to
conclude

t
2 2
HZxx(ts ')”LZ(O,L) + 8/ ”Zxxxx (T’ .)”LZ(O,L)dT
0

M|

1
<2012 0.iv + el 12200+ 1201Y + =22 1)

Therefore, we deduce (2.6) by plugging (2.4) into the previous inequality. The proof of Proposi-
tion 2.3 is complete. O

In order to treat the case of non-homogeneous boundary conditions, we employ a suitable
lifting function together with Proposition 2.1 (a). To this end, let us introduce the space

H'(0,L):= {w e H'(0,L) / w(L) =0] .

Proposition 2.4. Let f € L>(0,T; L*(0, L)), (u1,us) € H'(0,T)? and zo € L*>(0, L). Then,
equation (2.1) has a unique solution z € C([0, T1; L*>(0, L)) N L?>(0, T; H> N H'(0, L)). More-
over, there exists C > 0 such that

Izl oo 0,7;22(0,L)nL2(0,T; H2NH1 (0,L))

=C (||f||L2(0,T;L2(o,L)) + [l (u, M2)||H1(0,T)2 + ||ZO||L2(0,L)) . @27

Proof. Consider the lifting function

b =0 (—Lx 1) v (~ 2+ Lo L
LX) = ug Lx up 6Lx 2x 3x .

Taking into account that g := f — ¥y — e¥rxxx — MYy and yo(x) := zo(x) — ¥ (0, x) are
elements of L2(0, T; L%(0, L)) and L%(0, L), respectively, it follows that the equation

yt+8yXXXX+MyX=g’ (I,X)G(O,T)X(O,L),
y(,0)=0, y¢,L)=0, 1€(0,7),
yxx(t’o):Os )’xx(t,L)ZOs te(os T)9
y(0,x)=yo(x), x€(0,L),
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has a unique solution y € C([0, T]; L?(0, L)) N L?(0, T; V) thanks to Proposition 2.1 (a). Fur-
thermore, in view of (2.2), that solution satisfies

191l oo 0, 7: 220,02 0,75v) < € (18120, 752200,1) F 1901 12(0,1)) - (2.8)

From ¢ (z,0) = u(¢) and ¥, (¢, 0) = u(¢), we conclude that z := y + 1, which belongs to
C([0,T1; L*(0, L)) N L*(0, T; H*> N H'(0, L)), is a solution of equation (2.1). Because of the
continuous injection H L, T) = L>®(0, T), we can get the inequalities

||g||L2(0,T;L2(O,L)) <C (||f||L2(0,T;L2(0,L)) + I (uy, M2)||H1(0,T)2) ,

||y0||L2(O,L) <C (||ZO||L2((),L) + (1, M2)||H1(0,T)2) N

which combined with |z|| — [|¥]| < |ly¥|| (valid for any norm) and (2.8) lead us to (2.7). That
inequality and the linearity of the equation yield the uniqueness of solutions. The proof of Propo-
sition 2.4 is complete. O

2.2. Solutions defined by transposition

With the aim to motivate a definition of solution for equation (1.1), given the data (u1, uz) €
L%(0, T)? and zo € V*, let us consider the next formal computations. After the change of variable
t — T —t, Proposition 2.3 tells us that the equation

—qt +eqxxxx —Mgx =g, (,x)€(0,T)x(0,L),
qt,0)=0, qt,L)=0, te(,T7T),
qxx(tvo)zo, qxx(tvL)z()’ te(o’ T)5
q(T,x)=0, xe€(0,L),

2.9)

has a unique solution g € C([0, T]; V) N L?(0,T: D(A)) for any g € L'(0, T: V). Therefore,
multiplying equation (1.1) by ¢ = g (¢, x) and then performing some integrations by parts, we
get

T L L
//Z(tvx) (_%(tax) + 8qxxxx(t’x) - qu(tsx)) dth +/ Z(tax)CI(ta x)|§zg dx
00 0
T T
— / 2(t, X)quxx (8, X) "5 dt — ¢ / Zex (1, X)qx (t, X)X 25 dr = 0. (2.10)
0 0

Note that all the terms related to g = ¢g(¢, x) are well defined due to its regularity and the
continuous injection H*(0, L) < C3([0, L]). In order to give a sense to the previous formal
computations, and keeping in mind the regularity of g = ¢ (¢, x), we present the following defi-
nition.

Definition 2.1. Let (u1, u2) € L*>(0, L)? and zg € V*. We say that z = z(¢, x) is a solution defined
by transposition of equation (1.1) if z € C([0, T]; V*) is such that for every g € LY0,T;V) it
satisfies
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(2, 8) 100, T: v¥)x L1(0.T:V)
T T

— (20,40, ) yory — & / U1 (e (1, 0)di — / ur(gx (.0 dr,  (2.11)
0 0

with ¢ = g (¢, x) being the unique solution of equation (2.9) given by Proposition 2.3.

The results developed in this section allow us to justify the existence and uniqueness of solu-
tions defined by transposition for equation (1.1).

Proposition 2.5. Let (u1,u3) € L2(0, L)2 and zo € V*. Then, equation (1.1) has a unique solu-
tion z € C([0, T]; V*) defined by transposition. Moreover, there exists C > 0 such that

Izllzoe0,7;v%) < € (11, u2)ll 20, 7y2 + llzollv+) - (2.12)

Proof. For the moment, let us assume that (u;, up) € H 1 (0, L)2 and zg € L2(O, L), so that equa-
tion (1.1) would have a unique solution z € C([0, T']; L>(0, L)) N L>(0, T; H> N Hr1 0, L)) due
to Proposition 2.4. Note that in particular we have z € C([0, T]; V*).

Let g € L'(0,T: V) and take qeC(0, T, V)N LZ(O, T; D(A)), the corresponding unique
solution of equation (2.9) given by Proposition 2.3. Multiplying equation (1.1) by ¢ = ¢ (¢, x)
and then performing some integrations by parts, we see that z € C([0, T']; V*) satisfies (2.11).

In (2.11) we employ the Cauchy—Schwarz inequality to obtain

!(Z, g)Lw(o,T;v*)xLl(O,T;V)’

< C (lzollv<llg©, v + lutll 207y 1 grxx - Ol 20,7 + 2l L2007y g G OV 120,79 -

Hence, the continuous injection H 10, L) = L>(0, L) together with (2.6) leads us to

’(Z, g>Loo((),T;V*)><L1((),T;V)’ <C (”(UI,MZ)”LZ(O,T)Z + ||ZO||V*) ||g||Ll(0,T;V),

from which we deduce (2.12). Since the continuous injection L2(O, L) — V* is dense, we can
use (2.11), (2.12) and a density argument to conclude that equation (1.1) has a unique solution
z € C([0, T]; V*) defined by transposition provided that (u1, u2) € L>(0, T)? and zg € V*. The
proof of Proposition 2.5 is complete. O

3. Null controllability

This section is devoted to the proof of Theorem 1.1. The main tool of the proof is a Carleman
estimate for adjoint equation (1.4). Let us introduce the weight functions

1 L?
2
a(t,x):= (@) (—Ex + 8Lx + > ) ,

B(t) = (t,x) [0, T] x [0, L]. 3.1

(BT =3
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Following a procedure described in [13, Chapter I] due to Fursikov and Imanuvilov, we can
obtain the next Carleman estimate, whose long and technical proof is given in Appendix A.

Proposition 3.1. There exists C > 0, independent of (T, L, ¢) € (0, +oo)3 and M € R, such that
for any

5> %T‘BL%/%*W + éTmL*le*‘“lMl‘/3 +CT*PL7?, (3.2)

we have that the unique solution q = q(t, x) of adjoint equation (1.4) with g7 € L*(0, L) satisfies

T L
f / 2 (STLOBTIg P + S L B 1u? + 57 L2 ga P + 5Blgas ) dxdt
0 0

A

T
C/e_zm(t’o) (s5L5ﬂ(t)5|qx(t,0)|2+sL,3(t)|qxxx(t,0)I2) dr. (3.3)
0

Remark 3.2. Every term in (3.3) is well defined in virtue of Corollary 2.2. Indeed, it suffices to
take y (f) = e 520 8(1)1/2. Then, since a(t, x) > a(z, 0) for every (z,x) € [0, T] x [0, L], we
conclude that e **81/2¢, . € L>(0, T; L*(0, L)). Finally, e **¢-0 81724 (.,0) € L?>(0, T) is
a consequence of the continuous injection H 40, L) — C3([0, L)).

Remark 3.3. From the proof of Proposition 3.1 in Appendix A, we can directly check that (3.3)
remains valid, up to different constants in (3.2), if we take 8(t) =t~ (T —t)™™ withm > 1/3.
For this reason we claim that our estimate is the optimal one. Most of the existent Carleman
estimates for fourth-order parabolic equations use m =1 [1,5,6,14-16,20,26]. However, in [2] it
isused m > 2/5.

Remark 3.4. From the proof of Proposition 3.1 in Appendix A, we can directly check that
(3.3) remains valid if we change the boundary conditions of adjoint equation (1.4) to g (¢, 0) =
q(t,L)=0and g, (t,0) = gx(¢, L) =0 for ¢t € (0, T). Nevertheless, the constant C > 0 in (3.2)
might differ.

The next result is a consequence of this Carleman estimate and it will be useful to obtain
the required observability inequality to prove Theorem 1.1. Furthermore, in Section 4, it will be

useful for the study of the cost of null controllability of equation (1.1).

Lemma 3.5. Let n € {0, 1, 2, 3}. There exists C > 0, independent of (T, L, ¢) € (0, —i—oo)3 and
M e R, such that for any

> 2T1/3L72/3€71/3 + 1T2/3L*]£*1/3|M|1/3 +CT?3L?
=40 8 ’

we have that the unique solution q = q(t, x) of adjoint equation (1.4) with qr € V satisfies
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aq
ax"

2
dxdt

/]

2773 0

T
<C (LH” + LH") exp [27sT’2/3L2] / <|qx(t, 0% + | gurx (£, 0)|2) dt. (3.4)
0

Proof. In Proposition 3.1 we obtained

3T/4 L
f e—2sas7—2n L6—2n'87—2n
2T/3 0

2

8”
S9N gxdr

ax"

T
<C / 20 (SLIB g (1, O + LB |gues 1, 0 ) dr. (3.5)
0

To obtain the desired result, we are going to bound from below and above the quanti-
ties in (3.5). On the one hand, for (¢,x) € [2T/3,3T /4] x [0, L] we have the inequalities
9/2)'B3T23 < B(r) < (16/3)!/3T7=2/3 and L?/2 < (—=1/2)x> 4+ 8Lx + (L?/2) < 8L?, which
imply

- 3T/4 L

1/3 B n, 2
expq—16 16 sT23 2 7= 6-2n 2\ 775 / / g dxdt
3 2 ax"
27/3 0
3T/4 L
"q 2
< /672sas772nL672n13772n — 1 dxdt.
- axn
27T/3 0
Hence, considering this inequality in (3.5) yields
1/3 1=2n 3T/4 L n 2
exp1—16 E ST72/3L2 S772nL672” 2 : T;M}*‘m / / 9"q dxdt
3 2 ax"
2T/3 0

T
<C [0 (S0 an(t O +SLEOlguus 1. OF ) dr. (36
0

On the other hand, let ¢ € [0, T']. The inequality ¢* > x" /m!, which holds true for x > 0 and
m € N, allows us to deduce that e®/25¢ -0 (51.28(1) /4)™ /m! < 2*"-9 which combined with
4131213 < B(r) gives us
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1/3
e—2sa(t,0)smLmIB(t)m < 4"m! exp {_4 3sT‘2/3L2}.
Lm 4

Hence, the application of this inequality with m = 1 and m =5 leads us to

T
/ 250 (S L31)1gu (1, P + LW qens (1, 0P ) dr <
0

T

4120 4 41733

<—L5 +z)exp{ REEWETETE }/ Iqx(t,0)|2+Iqxxx(t,0)|2)dt. (3.7
0

14+4n

Finally, by plugging (3.7) into (3.6) and then using that s’ ~2*L6=2"T = >CL ¥ isa
consequence of s > CT?/3L~2, we arrive at (3.4). From the regularity of ¢ = q(t, x) given by
Proposition 2.1 (b), we conclude that both g, (¢, 0) and gy (¢, 0) are well defined as elements of
L%(0, T) in virtue of the continuous injection H*(0, L) < C3([0, L1). The proof of Lemma 3.5
is complete. O

We proceed to prove the null controllability of equation (1.1).

Proof of Theorem 1.1. In virtue of the controllability—observability duality, we need to prove
that the unique solution ¢ = g (t, x) of adjoint equation (1.4) with g7 € V satisfies

lg(0. )11} < K(T. L. e, M) f (190, O + 121, OF) dt

where

cL3+1L7 L4/3 LIM|Y3  TL?M|?
K(T,L,e,M):= (L°+L7) B p{C( 4] | |>}

Tmin{L4, L2727 T1/3¢1/3 gl/3 &

Note that the controllability—observability duality also implies an upper bound for the norm of
the controls, namely

K(T,L,e, M)
2 2 3 » C 2
”ul ”LZ(O,T) + ”quLz(O,T) = 8—2”Z0”V*'

We have that the unique solution g € C([0, T']; V)N L%(0, T; D(A)) of adjoint equation (1.4),
given by Proposition 2.1 (b), satisfies

|2
‘EE / g2 | + £ f (unns Pl < A1 / g l2dx. (3.8)



N. Carreiio, P. Guzmdn / J. Differential Equations 261 (2016) 6485-6520 6497

In order to handle the right-hand side of (3.8), we are going to use the Poincaré inequality.
Since for every ¢ € [0, T] we have that g(¢, -) € V, it holds

2 L 2
/lCI(f,x)I dx < ﬁ/qu(l,x)l dx. (3.9)
0 0

Furthermore, after one integration by parts and the use of the Cauchy inequality, we see that for
any 6 > 0 it is valid

L L

L

1
/Iqx(t,x)|2dX=—/ (1, X)qux (t, x) dx < 2—/|q(t X)Pdx + 5 /Iqxx(t xX)7dx.
0 0

0

In this inequality we plug (3.9) and then choose 8 = L% /72 to obtain

L L

2 L? 2
/|Qx(l‘,x)| dx < ;fqux(t,x)l dx. (3.10)
0 0

Therefore, (3.8) together with (3.10) allows us to get

L
d |M|2L2t /| 2dx | >0
—_— €X' X )
dr \ P w2 Tex -

0

which implies

3T/4 L
) 12 |M|2L2 3T
”%cx (07 .)”LZ(O,L) S —exp |‘1xx| d'xdt

T
2T/3 0

Note that in virtue of (3.9) and (3.10), we actually have

3T/4 L

(1 #? #t 12 |M|2L23T 5
min | ~ 3302 37 llg (0, )||v < T °Xp 7 |gxx|"dxdt.
2T/3 0

Finally, (1.3) is a consequence of the previous inequality, Lemma 3.5 applied with n =2 and
the choice of

:%T1/3L*2/38*1/3+%T2/3L*18*1/3|M|1/3+CT2/3L*2.

The proof of Theorem 1.1 is complete. O
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4. Cost of null controllability

This section is devoted to the proof of Theorems 1.2 and 1.4. In order to prove these theorems,
we need to deduce some properties for the solutions of adjoint equation (1.4).

4.1. Uniform cost

The purpose of this section is to prove Theorem 1.2. We begin by obtaining an exponential
dissipation result for adjoint equation (1.4).

Proposition 4.1. Letr M € R — {0}. Consider 0 <t; < tp <T such that to —t| > L/|M|. Then,
the unique solution g = q(t, x) of adjoint equation (1.4) with g7 € L*(0, L) satisfies

L 1/3 oy a3 L
/lqul,xnzdxsaxp{—é(i) (Mt = ) = 1) }/|q<rz,x>|2dx. @.1)
0 0

4\ 44 (1 — 1)) /36173

Proof. We adapt the ideas used in [19, Proposition 3.2]. Consider ¢ (¢, x) :== M (T —t) + x. For
a u € R that we are going to specify later, multiply equation (1.4) by exp {u¢ (¢, x)}q (¢, x) and
then perform integrations by parts to get

L

L

1d

YT /eﬂ¢|q|2dx +5/6M¢ (M2Q+2qu+qxx>qxxdx=0,
0 0

Further integrations by parts and the Cauchy inequality lead us to

L L L
1d g €
o /e“¢|q|2dx +Eu4/e“"’lq|2dx+ E/e’“”quxlzdx
0 0 0
L
538/L2/e“¢|qx|2dx. 4.2)
0

We proceed to handle the right-hand side of (4.2). Once again, performing integrations by parts
and then using the Cauchy inequality allow us to obtain

L L L
3ep? / e"?|qyPdx = 378#4 f "?|q|*dx — 3eu? / gy dx
0 0 0
L L
< 6eu / e lgPdx + 2 / gy 2dx,
0 0

which combined with (4.2) gives us
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L
_j_; e~ Hen(T-n) / eM)q|2dx | <o0. (4.3)
0

Consider 0 <t <, < T such that r, — 1 > L/|M]|. Then, integrating (4.3) on (¢, t>) yields
L L
efllsu“(Tfrl)/ewol,x)m(,l,x”zdx 5efnsu“wftz)/ewaz,x)m(m,x”zdx. 4.4
0 0

Now, we distinguish the following two cases.
Case 1: Here we consider M > 0 and p > 0. Taking into account that ¢ (f, x) < M(T —
1) + L and ¢ (t1,x) > M(T — t;) are valid for every x € [0, L], from (4.4) we get

L L
/ lq(t1, x)[*dx < X1 / lq(t2, x)|?dx, Ki:=1lep*(th—t1) —u(M(z—11) —L). (4.5)
0 0

Noting that M (r, — t;) — L > 0, in (4.5) we choose the p > 0 that minimizes K1, which is the
one given by

B (M(tz —1) — L>1/3
o 44e(tr — 1) ’

Therefore, by plugging this quantity into (4.5) we arrive at (4.1).
Case 2: Here we consider M < 0 and u < 0. Taking into account that ¢ (t2, x) > M(T — t2)
and ¢ (t1,x) < M(T —t1) + L are valid for every x € [0, L], from (4.4) we get

L L
/|q(r1,x>|2dxseK2f|q<rz,x>|2dx, Ky:=1llep*(ta —1) +u (=M@t —11) — L). (4.6)
0 0

Noting that —M (t; — t;) — L > 0, in (4.6) we choose the © < 0 that minimizes K>, which is the
one given by

__(—M(l‘z—tl)—L)l/3
w= 44e(ty — 1) '

Therefore, by plugging this quantity into (4.6) we arrive at (4.1). The proof of Proposition 4.1 is
complete. O

Now we are in position to prove one of our main results.
Proof of Theorem 1.2. In virtue of the controllability—observability duality, we need to prove

that the unique solution ¢ = ¢ (¢, x) of adjoint equation (1.4) with 7 > 40L/|M| and g7 € V
satisfies
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L
0. 0ix < ¢ (L oL
9(0, x)|"dx < C; T R I VRPNV
0

% [ F (1000 + gt O . @7

Note that the controllability—observability duality also implies an upper bound for the norm of
the controls, namely

C1 L3+1L7 L3 )
”I/H ||L2(O T) + ”Mz”LZ(O T) = = T exp _CZW ”ZO”LZ(O,L)'

In what follows we focus on the obtention of observability inequality (4.7), where we are
going to use that adjoint equation (1.4) has a unique solution g € C([0, T]; V)N L%(0,T; D(A))
in virtue of Proposition 2.1 (b).

First, consider any T > 0 being such that 27'/3 > L/|M|. Let t € [2T /3, 3T /4]. In Proposi-
tion 4.1 we take t; =0 and t» =t to obtain

L 0, x)%dx < 3L\ ami = Lt d 48
|CI( ,)C)' X = exXp _Z ﬂ t1/3 1/3 |¢I(t .X')| X. ( . )

Since under the previous setting we have

o7 4/3
31\ (Mt —L)*? 301\ (Fmi-L)
o3 (a) Ui e i (m) S
the integration of (4.8) on (27 /3,37 /4) leads us to

3T/4 I

2 3(1 1/3( M1~ 2
/|q(0 x| dr < 2 exp - <33) B ST v 1/3 / /|q| dxdt. (4.9)

2T/3 0

Second, in Lemma 3.5 take n = 0 and fix
5= %T1/3L_2/38_1/3 i %T2/3L_18_1/3|M|1/3 LT3

Then, from the combination of (3.4) with (4.9), we get that there exists C; > 0, independent of
(T, L,¢) e (0,400) and M € R — {0}, such that

T

L
L3+ K
/|q(0,x)|2dxscl< - )e {T1/§ 1)/3}/ |qx(r,0>|2+|qm<r,0>|2)dt, (4.10)
0 0
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where

9 1 31\ 21 43
K(T):=27-—L*3 427 -T'"PLM|'P - = (= M -L) .
40 8 4\33 3

Note that the special choice of T = tL/|M|, with T > 3/2, gives us

L 9 1 3/1\"3 /2 4/3
K(=)=03]27 — 427 -c3 -2 (= o) | @
M 40 8 4\33 3

Finally, it can be checked that there exists t* € (3/2,40] such that K (7 L/|M]) is a decreasing
function on [1*, 400). Furthermore, there exists C; > 0, independent of (T, L, ¢) € (0, +oo)3
and M € R — {0}, such that

40L
K (L) <—C,LY3. (4.12)
M|

Since K (tL/|M|) < K (40L/|M|) when t > 40, we deduce (4.7), and hence (1.6), from (4.10),
(4.11) and (4.12). The proof of Theorem 1.2 is complete. O

4.2. Proof of Theorem 1.4
We adapt the ideas used in [3, Theorem 1.5] and [19, Theorem 1.4]. Let T < L/|M| and set

R:= (L —|M|T)/5 > 0. Throughout the proof, we make distinctions between the cases M > 0
and M < 0 when needed. Fix a g7 € C*°([0, L]) satisfying

Supp(gr) C (L —2R,L — R) if M > 0, @.13)
Supp(gr) C (3R, 4R) if M < 0. )
Also, we ask it to satisfy
g7l 200, = 1- (4.14)

Letg e C([0,T]; V)N L2(0, T; D(A)) be the unique solution of adjoint equation (1.4) associ-
ated to g (T, -) = g7 (-) given by Proposition 2.1 (b). In view of (4.14), that solution satisfies

L T L
/|a(t,x)|2dx+2e//|axx(r,x)|2dxdr=1, te[0,T]. (4.15)
0 0

t

Our goal is to prove the following points.

e There exists g9 > 0 such that

< 10,912, 1)> Ve € (0.0l (4.16)

| =



6502 N. Carreiio, P. Guzmdn / J. Differential Equations 261 (2016) 6485-6520

e There exists C; > 0 such that

T R

- . 1 1 1 R

IGecx G O 17 20,79 + 136 G O 2 0 7 < C (1 o+t ?3) f f g1*dxdt. (4.17)
0 0

e There exist C; > 0 and Cy > 0 such that

T R
~ 1 C2
00

Before obtaining (4.16), (4.17) and (4.18), we proceed to explain how these inequalities allow
us to conclude the result. For a zg € L2(0, L) to be selected, we know by Theorem 1.1 that
there exists (u1,ur) € L%(0, T)? such that the unique solution (defined by transposition) z €
C([0, T]; V*) of equation (1.1) satisfies z(7T, -) = 0 in V*. Hence, multiplying equation (1.1) by
g = ¢ (t, x) and then performing some integrations by parts, we arrive at

T T

(20,40, )y xcy =8/u1(t)§xxx(t,0)dt+8/Mz(t)ﬁx(t,o)dt-
0 0

Accordingly, by selecting zo(-) := (0, -) € V. C L?(0, L), we get

~ & ~ ~
10, )220 1y = 5 (1113 207y + 1020 2 7)) (1o G O 2,7y + 13- O3 7, )
from which we deduce (1.7) thanks to (4.16), (4.17), (4.18) and Young’s inequality.

Proof of (4.16). Letus introduce ¥ (¢, x) := gy (M(T —t) + x). Note that ¥ (¢, -) € C3([0, L]
for every ¢ € [0, T] according to (4.13). Hence, multiplying adjoint equation (1.4) by ¢ =
¥ (¢, x), then performing some integrations by parts and finally using (4.14), we obtain

L

T L
12/5(07)5)1#(0: x)dx“‘e//awxxxdedt
0 0 0
1

A 1 .
= 13O IG2, 1) + 51O, )72 1y + e 20,5220, 1Wren iz, 5200, 2)-

(4.19)

[\

We proceed to handle the right-hand side of (4.19). On the one hand, (4.13), the change of
variable MT + x — x and (4.14) allow us to deduce

L
/ (0, x)Pdx = f Gr (O Pdx =1. 4.20)
0

Supp(qT)
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On the other hand, (4.13) and the change of variables (¢, M(T —¢t) + x) — (¢, x) imply

T L T
/ / [Wxax Pdxdt = / f a7 () Pdxdt = TIIg7" 720 ;- (4.21)
00 0 Supp(qr)

Therefore, since [|g11120.7:22(0.1)) < T'/2 is valid due to (4.15), we see that the combination of
(4.19) together with (4.20) and (4.21) lead us to

l /1" l
(5—eT||qT l20.) ) < 513032 1) (4.22)

from which we deduce (4.16) by setting

1

&0 = =
4T ” ,///”LZ(O,L)

Proof of (4.17). First, multiplying adjoint equation (1.4) by (R — x)*q = (R — x)*q(t, x) and
then performing some integrations by parts, we arrive at

R
1d
ST /(R —x)*q1%dx —i—s/(R —x) |qxx|2dx+8/(R — )2 Pdx + 12¢ /|q|2dx
0
+4eR3|Gy (1, 0) =2M/(R —x)[G%dx +255[(R —0)2(GPdx. (4.23)

In order to deal with the last term of the right-hand side of (4.23), we perform one integration by
parts and then employ the Cauchy inequality to get

R
258/(R x)2[Gx)?dx < Ce / [7)%dx + = /(R—x)4|qxx|2dx
0

Hence, plugging this inequality into (4.23), then integrating the resulting expression on (0, T')
and finally using the fact that g7 (x) = 0 for x € [0, R], which is a consequence of (4.13), give us

R T R T R
f (R = )*[G(0, x)Pdx + / / (R — x)*[Gus Pdxdi + ¢ / / (R — )?(G[2dxds
0 00 00

T R
+8e RGO I72 0 7y < Cle + IMIR?) / f G1*dxdt.  (4.24)
0 0
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Second, multiplying adjoint equation (1.4) by (R — x)8Gxxxx = (R — x)¥Gxxx (¢, x) and then
performing some integrations by parts, we arrive at

R R
1d R ~
SET / (R —x)8|Gux?dx | +¢ / (R — %)% Guxxx Pdx
0 0
R R R
— 16 / (R = ) G1Grs dx — 56 / (R = 0)%GGex dx + M / (R = %G Gonns dx. (425
0 0 0

We proceed to handle the right-hand side of (4.25), and in order to do so, we are going to use that

Gt = &q@xxxx — M. For the first term, we perform integration by parts twice and then employ
the Cauchy inequality to obtain

R R
16 / (R — x)"GGrxxx dx < 56¢ f (R — %)%z |* — 86 R [Guxx (1, 0) |
0 0

R R
+C|M|R? /(R — 0)"Gex)?dx + C|M|R? /(R —0)%[Gx|?dx. (4.26)
0 0
As we did previously, we have
R R R
—~ —~ & —~
56e / (R — )°|Gxxx|*dx < Ce / (R — x)*@ux Pdx + F / (R — )®|Gxxxx|dx,
0 0 0
which combined with (4.26) yields

R R
16 / (R = ) GGrs dx < —86 R [Girs (1, 0)7 + CM|R® / (R — )23
0 0

R R
—~ & ~
e (5 4 |M|R3) /(R — )4 GuaPdx + . /(R = )8 Genan Pdx. (427)
0 0

To handle the remaining two terms, we employ the Cauchy inequality to get

R R R
6m gn ~ |M|*R® 2m 2
=56 | (R—x)q1qxxdx +M | (R—x)°qqxxxxdx <C B (R —x)7[qx]|
0 0 0
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~ & ~
+Ce / (R — x)*Gux IPdx + 3 / (R — x)%|Gxxxx [P dx. (4.28)

Hence, plugging (4.27) and (4. 28) into (4.25), then integrating the resulting expression on (0, 7)
and finally using the fact that g7 (x) = 0 for x € [0, R], which is a consequence of (4.13), give us

T R
/ (R — x)81Gux (0, x)Pdx + ¢ / / (R — x)8|Gxxx [P dxdt
0 0
T R
Ty~ 2 3 |M|2 6 2
+ 166 R | Gxx (-, OlI7 20 7y < C (IMIR® + (R — x)*(qx|*dxdt
00

T R
+C e + |M|R3 / /(R — )M Gx Pdxdr.
0 0
Finally, from the combination of (4.24) with the previous inequality we deduce

G s OV 72,7y + 15 G OV 172 7

T R
1 1 IM|R3 |M|2R6 |M|3R9 2
<C — |1+ + |7\ dxdt,
R3 € g2
00

which leads us to (4.17). O

Proof of (4.18). Let us fix a ¢ € C*°(R) such that
¢>0and ¢’ <0inR. (4.29)

Also, we ask it to satisfy

¢ =11in (—o00,2R] and ¢ =01in [3R, +o00) if M < 0. (4.30)

¢=1in (=00, L —3R]and ¢ =0in[L — 2R, +00) if M > 0, }

Following the idea used in the proof of Proposition 4.1, we define ¢ (¢, x) := M (T —t)+x. For

a u > 0 that we are going to specify later, multiply adjoint equation (1.4) by ¢(¢) exp(—u¢)q
and then perform several integrations by parts to get

L L
1d o o B =L
~5 / o@e (g dx | +e / P(@)e " |Gux?dx + & (p(p)e ™) |qx|2]x:O
0 0
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Nlm

L L
/ o(@)e ) [q)Pdx — 2 / o(@)e ) Gexgdx. (431)
0 0

We proceed to handle some terms of (4.31). For the boundary terms, we have that (4.29)
and (4.30), the latter implying ¢ (¢ (¢, L)) = ¢’ (¢ (¢, L)) = 0 for ¢ € [0, T] because of

¢, L)y>Lif M >0,
¢(t,L)y>5Rif M <0,

allow us to deduce
(p@)e ) I o [0/ (@1, 00) — (@, 00)] e O1g 1, 0)P = 0. (4.32)
x=0

For the first term of the right-hand side of (4.31), we have

| ™

L L
—ng =2 8'“4 —1e |52
(0@)e™?), . [@Pdx < = [ p(@)e gl dx
0 0

+Ce(l+p+pu* + 1) f (I’ @) + 1" (@) + 1" @) + 19" (®)]) e " |g1*dx.  (4.33)

Let us introduce

I(t)=[L—3R~M(T —1),L —2R~M(T —1]if M >0, } (4.34)

I1(t)=[2R — M(T —1),3R — M(T — )] if M <O.

Then, (4.30), (4.34) and the change of variable M (T — t) + x — x imply

St~

(I @+ 10" @) + 10" @) + 10" (®)]) e " 1G1dx < @l oo 1y f e Mg dx,
1(1)

which combined with (4.33) yields

4
_ ~ 5375 — i 1~
(0(@)e™) oy 1G1Pdx = = / p(@)e (g1 dx

(ST
S —

+Ce(l4p+u? 4+ 1) / e MG dx.  (4.35)
1(1)

For the second term of the right-hand side of (4.31), we proceed as we just did for the obtention
of (4.35) and then employ the Cauchy inequality to obtain
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L L

L
2 / p(@)e ) Gugdx <e / 0(@)e " Gur Pelx + £ / o(@)e " G12dx
0 0 0

+Ce(l 4 p) / e (g1 + [qex [P)dx.  (4.36)
1(t)
Accordingly, from the combination of (4.31), (4.32), (4.35) and (4.36), we arrive at
L
d

- e / p(@)e (g1 dx
t
0

< Ce(l 4 p+ 2 + e 3en T=0 / e (177 +13ul?) dx. (437)
1(1)

Let us introduce

{L—3R , if M >0,
o=

2R , ifM <O,

and note that from (4.34) we have o < ¢ (¢, x) for (¢, x) x [0, T] x I (¢). Taking into account that
Supp(gr) N Supp(¢) = @ is valid due to (4.13) and (4.30), integrating (4.37) on (¢, T) and then
using (4.15) lead us to

L
/go((p(t, ))e M 51 ) Pdx < C(1+ p+ 2 + pd)edr' T=ne (o 4 1), (4.38)
0

Now, we truncate the integral of the left-hand side of (4.38). Introducing

g [L—4R . ifM =0,
1 R . ifM<0,

we see that ¢ (¢, x) < B for (¢, x) € [0, T] x [0, R], implying ¢(¢) = 1 1in [0, T'] x [0, R] in virtue
of (4.30). Hence, using 8 —a = —R in (4.38) gives us

R
f [, x)Pdx <C(A+p+ u? +ud)eX@EeT + 1), K:=3eu*T — Rpu. (4.39)
0

Finally, we choose the i > 0 that minimizes K, which is the one given by
R 1/3
U= =TT 3
121/3T1/3¢1/3

Therefore, plugging this quantity into (4.39) we deduce (4.18) in view of Young’s inequality. The
proof of Theorem 1.4 is complete. O
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5. Further remarks

In this section, we extend our main results to other boundary conditions in equation (1.1). To
this end, let us consider the fourth-order parabolic equation

2t + €Zuxxx + Mz =0, (t,x)e€(0,T) x (0, L),
z2(t,0) =ui(t), z(t,L)=0, r€(0,T),

G (.0) = (1), (1. L) =0, 1€ (0.7), o-b
2(0,x) =zo(x), x€(0,L).
In this case, the corresponding adjoint equation is given by
—qr + &qxxxx — Mgx =0, (t,x)€(0,T) x (0, L),
q(t,00=0, qt,L)=0, te(,T), 5.2)

qx(t70)=Os ‘Ix(taL)ZOs IE(O,T),
q(T,x) =qr(x), xe€(0,L).

Here we consider V := HO2 (0, L) and keep identifying L(0, L) with itself, obtaining V* =
H~2(0, L). Note that all the well-posedness results needed for studying equation (5.1) can be
adapted from [5, Section 2].

e Null controllability. As in equation (1.1), the null controllability of equation (5.1) with
only one boundary control is an open problem (see Remark 1.6). Thanks to Remark 3.4,
Theorem 1.1 and Corollary 1.3 remain valid for equation (5.1). Note that we could use the
Carleman estimates [5, Theorem 3.5] or [20, Proposition 2] to deduce the null controllability
part of Theorem 1.1. However, these estimates do not allow us to get (1.3) because of the
non-optimality of their weight functions (see Remark 3.3).

e Cost of null controllability. From the previous point, we have that the cost of null controlla-
bility of equation (5.1), defined in (1.2), is well defined if we take Z as V*, or any subspace
of it. In this case, the exponential dissipation result for adjoint equation (5.2) is better than
the one for adjoint equation (1.4).

Proposition 5.1. Let M € R — {0}. Consider 0 <t; <ty <T such that t, —t; > L/|M|. Then,
the unique solution q = q(t, x) of adjoint equation (5.2) with gr € L*(0, L) satisfies

L 2/3 _ _ 4/3 L
/|q(t1,x)|2dx§exp{—<i> (Ml = 1) — L) ]/|q<rz,x)|2dx. (5.3)
0 0

16 (th —11)13¢1/3

1/3 2/3
The slightly improvement from —% (ﬁ) in(4.1)to — (%) in (5.3) is due to the bound-
ary conditions of adjoint equation (5.2) and allows us to get a lower control time for the uniform
null controllability, with respect to the diffusion coefficient, of equation (5.1) when the initial

condition is in L2(0, L).

Theorem 5.2. Let T > 28L/|M| with M € R — {0}. For every zo € L*(0, L), there exists
(u1,u2) € L*(0, T)? such that the unique solution (defined by transposition) z € C ([0, T1; V*)
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of equation (1.1) satisfies z(T,-) = 0 in V*. Moreover, there exist C1 > 0 and C, > 0, both
independent of (T, L, ¢) € (0, +o0) and M e R — {0}, such that

) ) Cl L3 +L7 L4/3 )
””“”LZ(O,T) + ||u2||L2(0,T) =< 8_2 ? exXp _CZW ”ZOHLZ(O,L)' (54)

As in the proof of Theorem 1.2, the main tools for proving Theorem 5.2 are the exponential
dissipation result given by Proposition 5.1 and the Carleman estimate given by Proposition 3.1
(see Remark 3.4). Finally, Theorem 1.4 and Corollary 1.5 remain valid for equation (5.1).
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Appendix A. Carleman estimate

In this appendix, we prove the Carleman estimate given by Proposition 3.1. Recall the nota-
tions introduced at the beginning of Section 3.

Proof of Proposition 3.1. Let us set Lg := —¢; + €qxxxx — Mqy. For s > 0, let us consider
w:=e %, Pw:=e**L(e*“w) and the decomposition Pw = Pjw + Prw + P3w given by

Piw :=— w; + 459530()3cmC + 4esoy Wyry + 3es3ozx (af) w— Muwsy,
X

Prw = (8S40[§ — SOlt> w + 68s2a§w” + EWyxxx + 6es? (a?) wy — Msa,w,
X

Piw = 38s2(x§xw + 6ESAyy Wiy - (A.1)

Independent of the decomposition that we could choose for Pw, taking the L?-norm in Q :=
(0,7T) x (0, L) to Piw + Pow =Pw — P3w, we get

IP1wl?,, ) + 2 (Prw, Paw) 1200y + IP2wl75, ) = [Pw — P3wl|3,

(@) (ON (ON

from which it follows

(Prw, Paw) 2.0y < IPwll32 ) + IP3w]7, (A2)

(@ (@)

The key point of the proof is to careful manipulate the terms that will appear when computing
(Prw, Paw)12(g)-

Computing (Pjw, Pzw)Lz(Q). For (i, j) € {1,2, 3,4, 5}2, we denote by I; ; the L2—product
in Q between the i-th term of Pyw with the j-th term of P, w. Integrations by parts are performed
and each resulting expression for /; ; is listed below.
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L= 2est // aiax,|w|2dxdt — %// a,,|w|2dxdt.
0 0
L= 12652 /f O Uy Wy wy dxdt — 685> /f axax,|wx|2dxdt.
0 0

T
Iis= =Lg
o [13=¢ wxlwxx|x:Q I.
0

Ia= —12es? [/axaxxwth dxdt.

M
Lis= —ST /f aye|lw|?dxdt.
16N = —14¢%s //(x Uy |w| 2dxdt + 6es //a otxxa,|w| dxdt
+ 2es” // aiax,|u)|2dxdt.
0]

T
Lo= —60e2s7 // oziaxx|wx|2dxdt + 1282s5/ a§|wx|2
0 0

x=L
dt.
0

L3 =—12¢% // wyPdxdr 4 18¢%s //ozfaxx|wxx|2dxdt
0

T
x=L
+128253/axot)2m|wx|2‘ dr
x=0
0
T T
x=L x=L
—28253/a§|w”|2‘ dt—1282s3/a§axxwxwxx dt
x=0 x=0
0 0
T

x=L

+482s3/a;wxwxxx Odt.

x=l

o Ir4=1486%" f / atay lwy|Pdxdt.

o I5=8es*M f / oo |w|Pdxdr.
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o I3 = —120¢%s // oy xx|w|2dxdt+68s //a”,a”mlzdxdt
+3082s //a Oy | Wy | 2dxdt — 6es //ozxaxtlwxl dxdt

T T
—65s2f/ataxx|wx|2dxdt—282s5/ oz;|wx|2 =t dt+28s2/ oz,otx|w,c|2
5 ; x=0 ;
T
o Iy = —36e2° //afaxx|wxx|2dxdt+1282s3/ a§|wm|2’x:L dt
) x=0
T
o 3= —2¢%s f/ axxlwxxx|2dxdt+2szs/ =t dt.
0 0 -
o I34= 48¢%° f / o |w,2dxdt — 48¢%s° f / @2y |wyy Pdxde
0 0
T T
+488253/ oz)%axxwxwxx xiL dt—4882S3/ axa%x|wx|2)ii: dt.
0 0

° 135——12852M//axaxx|wx| dxdt+28s2M/a |wy| ’

o Iy //a otxx|w|2dxdt 6es //a Uy 0 |W| 2dxdr.
o Iy =216¢% f / a?ad |wldxdt — 36g°s° / / Aty lwy|?dxdt.
0

o Ij3= —24¢%3 / f o w, Pdxdr + 6¢%s / / @2ayy |wyy|dxdt
0 0

T T
x=L x=L
+ 128233/axa§x|wx|2‘ Od 68253/0[ Oy x Wy Wiy dt.
x=
0

x=

. 14,4=—10882s5// a2l |w|dxdr.
0

o Iys= _68s4M/f oy |w|dxdt.

6511

x=L

x=

dt.
0



6512 N. Carreiio, P. Guzmdn / J. Differential Equations 261 (2016) 6485-6520

M
Iy =2es*M || BaywPdxdr — = || aylw|?dxd.
) X 2
) 0

x=L
dt.

x=0

T
° 15,2:68s2M//axaxx|wx|2dxdl—38s2M/ ot)%|u)x|2
0

—L x=L
o Isz3=—eM | wywiili—qdt o dr.

0

° 15,4:—12£S2M//axaxx|wx|2dxdt.

M2
o Is5= —ST// oy |w|Pdxdt.
)

Taking into account the previous computations, we define the distributed and boundary terms
respectively by

D(w) := —8e?%s’ // a6axx|w|2dxdt — 18¢%s° // a4axx|wx|2dxdt
— 60&2s> //oz axx|wxx| dxdt —2¢ s/faxx|wxxx| dxdt
+ 4es* //a otxtlw| dxdt — —//Ol,;|w| dxdt — 12¢s f/axaxt|wx| dxdt
—stf oy |wPdxdt + 12¢%s3 /faﬁx|wx|2dxdt+4es4M/f o wdxdt
0
— 126257 // o ”|w|2dxdt+6es //ax”a”|w| dxdt
— 6es //ataxx|wx| dxdt

2 2 sM? 2
— 18es M Oy Oy Wy |“dxdt — — Oy |w|dxdt, (A.3)
0 ]

T T T
B(w, x) := 1082s5/a§|wx|2dt+108253/ai|w“|2dt+2£2s/ax|w”x|2dt
0 0 0
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T T T
+8/thwxxdt—2482s3/o{xo¢§x|wx|2dt+3082s3/a§axxwxwxxdt
0 0 0
T T

T
+482s3/aiwxwxxxdt+28s2/atotx|wx|2dt—832M/ozf|wx|2dt
0 0 0

T T
eM 5
—eM wxwxxxdt—i—T |wyy|“dt, x €{0,L}. (A4)
0 0

Accordingly, the previous computations together with (A.3) and (A.4) lead us to

The next two parts of the proof are devoted to handle the terms in (A.3) and (A.4). To do this,
we are going to use some properties of the weight functions defined in (3.1) that can be deduced
from

T2/3 ! T 4 " 11T2 7
1< 417/30)’ 1B (O] = gﬁ(t) . BT = 1—8/90) . 1€[0,T], (A.6)

L2< 12+8L +L2<8L2 <4 12+8L +L2 <8L, x€[0,L]. (A7)
p =Tt TeRAT =R IR=\ Tyt TR Ty ) =0n AT EL A

Handling D(w). We first handle the first four terms in (A.3), which are the leading terms
among the distributed terms. Using oy (¢, x) = —B(¢) and a (¢, x) > 7LB(¢) into them yields

— 8&2s7 // agaxx|w|2dxdt — 1882%s° // otiaxxlwx|2dxdt — 608253 // a%ozxx|wxx|2dxdt
0 0 0
—26%s /[a”|wxxx|2dxdt > 8.7%2 //S7L6,87|w|2dxdt+ 18- 7462 //s5L4,35|wx|2dxdt
0 0 0
+60-7%¢? / / s3L? B3|\ wyy|Pdxdt + 262 / f sBlwyrr |*dxdt. (A.8)
0 0

The terms in (A.8) will allow us to absorb the remaining terms of (A.3) by choosing s > 0 in a
suitable way. The following inequalities can be obtained by using the weight function defined in
(3.1) together with (A.6) and (A.7).

o |des? oo |w|2dxdt <4‘—84 r &2 s7L6,87|w|2dxdt
x 3 eL23 '
0 0



6514 N. Carreiio, P. Guzmdn / J. Differential Equations 261 (2016) 6485-6520

° ——//a,,|w| dxdt 5 2L4 3 // 7L6 |w|2dxdt

o [—12¢es //ozxaxtlwxl dxdt| <4. 82 // 5L4,35|wx 2dxdt.
2 T |M|T?
2 2 7767 2
o —SM//O{xtlUJ| dxdt < gmm&‘ //S L ﬂ |U)| dxdt.
0 0

o [24¢%3 o |w |2dxdt < iﬁsz s5L4ﬁS|w |2dxdl
xx | Wx = 42/3 452 * ’
o 9

. 4£s4Mf/a ey |w|dxdt <83| // s"LOB7 |w|dxdt.

—1282S5/f o’ jwlPdxdt > 0.
0

o |6es? |w|?dxdt <iiﬂ 2 TLOBT\w|*dxdt
s Oyt Oxx W] dx S 5 125 L4s28 s w|“dxdt.
0

0
// SSLY B3 \wy |2 dxdt.

e |—Ges // atotxxlwx| dxd
M
° —188S2M//axaxx|wx| | | // 5L4 |wx|2dxdt

sM2
//ozxx|w| dxdt > 0.

In (A.3) we employ (A.8) and the previous points to obtain
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D(w) > Do(s)82//s7L6,37|w|2dxdt+D1(s)82 //SSL4ﬁ5|wx|2dxdt
0 0
+Ce? / / s3L2 B3 |wyy |Pdxdt + C&? / / sBlwyxx|>dxdt, (A.9)
0 0

where

2 T |M|T*> _M|IT*> 2 T T4

- = — — === A.10
3eL2s3 gL3s3 eL3s3  42/3 gL2s3 LA52 ( )
Di(s)=18-7*— 4.8 d 12 77 d M7 (A.11)
s)=18-7"—-4.8"—— — —= - — . .
' eL?s3 423 [452 eL?s3 eL3s3
In order to handle (A.10) and (A.11), we consider s > 0 such that
s>CiT\BL2Be 1B L oL e 1B M| P + ¢33 L2, (A.12)

where C; > 0, C; > 0 and C3 > 0. In view of (4.11) of the proof of Theorem 1.2, we would like
to choose C1 > 0 and C, > 0 as small as possible, that is to say, the constants multiplying e ~!/3.
Note that (A.12) implies

ro_1 |M|T2< 1 714 U A13)
eL2s3 = 37 el T ¢ LAs? T Y ’

and hence, from (A.10) and (A.11) we get

4 41 21 211 12 11
6 1T 4 _ &£ 27 - @3- = -7
Do(s) =87~ 3-8 e ey 8 g mod (A.14)
4 1 1201 1 1
Di(s)=18-74—4.82— — - — — 14— — 36— (A.15)

3 2/3 2 3 3"
Cl 4/ C3 Cl C2

After the combination of (A.9) together with (A.14) and (A.15), it can be checked that the choice
of C1 =9/40, C, = 1/8 and C3 > 0 large enough give us

D) = 62 [[ (L7870 + LB, P 4 L s 58 s ) . (16
Q

Handling B(w, x) for x € {0, L}. Let us focus on the case x = L. We first handle the first
three terms in (A.4), which are the leading terms among the boundary terms. Plugging o, (¢, L) =
7LB(¢) into them yields
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T T
1082s5/ax(t,L)Slwx(t,L)Izdt—i- 1082s3/ax(t,L)3|wxx(t,L)|2dt
0 0
T T
+2825/oex(t,L)waxx(t,L)|2dt= 10~7582/SSL5,3(t)5|wx(t,L)|2dt
0 0
T T
+ 10-7382/S3L3ﬂ(t)3|wxx(t,L)|2dt+1482/SL,3(t)|wxxx(t,L)|2dt. (A.17)
0 0

These terms, as in the previous part of the proof, will allow us to absorb the remaining terms
in (A.4). We pay special attention to the fourth and sixth terms in (A.4), where it will be needed

Wiy (t,x) = =250, (t, x)wy(t,x), (¢t,x)e€[0,T]x{0,L},

which is a consequence of w = ¢™**¢ and the boundary conditions of adjoint equation (1.4).

The following inequalities can be obtained by using the weight function defined in (3.1) together
with (A.6) and (A.7).

; 7 T T?3 ;
o |o | wy(t, Lywyy(t, L)dt| < &2 | SL2B() |wy(t, L)|*dt.
HAD R T 413.31263 L2 e
0 0
T
. —2482s3/ax(t,L)axx(t,L)2|wx(t,L)|2dt
0
T
< ﬁﬂsz sPL3B(t)° |\ (1, L)|*dxdt
= 42/3 432 XA :
0
T
o 3082s3/ax(t,L)2axx(t,L)wx(t,L)wxx(t,L)dt20.
0
T T
. 482s3/ax(t,L)3wx(t,L)wxxx(l,L)dt 54-7582/s5L5/3(t)5|wx(t,L)|2dt
0 0

T

762 / SLB(M)|weex (1, L) 1.
0
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T T
2 2 12 T 5[ 5.5, .5 2
e |2¢es o (t, L)ay (¢, L)|wy (¢, L)|°dt| < — £ sPL7B(t) |wy(t, L)|“dxdt.
3 el?s3
0 0
; 49 |M|T? ;
o —sszM/ozx(t,L)2|wx(t,L)|2dt < 49 1M] SZ/SSLS,B(I)SWX()?,L)|2dxdt.
4 gl3s3
0 0

T 2d T
o —sM[wx(t LYwyxy (£, L) dt| < LM&/QL%@)SM@ L)|%dt
’ ’ = 43.7 21656 ’
0 0
T
+752/sLﬁ(t)|wxxx(t,L)|2dt.
0

T T

eM 1 |M|T?

- / wee e, LPdt| < o= e? f S L) lwix (t, L) Pdxd.
0 0

In (A.4) we employ (A.17) and the previous points to obtain

T T
B(w, L) > Bl(s)82/s5L5ﬁ(t)5|wx(t,L)|2dt+Bz(s)82/s3L3,B(t)3|wxx(t,L)|2dt, (A.18)
0 0

where

7 T T3 1687%* 112 T

—6.75 _ - — =33
Bi(s)=6-7 41/3 .3 o123 .25 42/3 142 3 el2s3
49 |M|T? 1 |M]PT*
4 B ’ (A.19)
4 eL3s3  43.7 2166
1 |M|T?
T | ' A.20
2 (s) 8 1,353 ( )

In order to handle (A.19) and (A.20), we consider s > 0 asin (A.12). As we did in the previous
part of the proof, in view of (4.11) of the proof of Theorem 1.2, we would like to choose C{ > 0
and C> > 0 as small as possible, that is to say, the constants multiplying ¢ ~!/3. Note that (A.13)
implies

7 11 168 1 112 T 49 1 1

11
Bi(2)>10-7° — - —. A22
12) > ch ( )
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After the combination of (A.18) together with (A.21) and (A.22), it can be checked that the
choice of C; =9/40, C, = 1/8 and C3 > 0 large enough give us

B(w, L) > 0. (A.23)

Let us focus on the case x = 0. Similar arguments as those used to handle the case x = L
allow us to conclude that if (A.12) holds with C; = 9/40, C> = 1/8 and C3 > 0 large enough,
then we get

T
IB(w, 0)] < Cszf (LSSS,B(I)5|wx(t, 0)> + LsB(t) | wyxx (7, 0)|2) dt. (A.24)
0

Gathering terms. From now on and until the end of the proof, we consider
g > 2T1/3L’2/3e’1/3 + 1T2/3L’]8’1/3|M|1/3 +CT¥3L2,
— 40 8
with the constant C > 0 being as large as needed. On the one hand, from the combination of

(A.5), (A.16), (A.23) and (A.24), we arrive at

1
& ] (55T 145 P 257 st 5Bl ) v
Q

T
1
< 8—2(731w,732w)Lz(Q)+C/<L5s5ﬂ(t)5|wx(t,0)|2+Lsﬂ(t)|wxxx(t,0)|2)dt. (A.25)
0

On the other hand, by plugging oy, (¢, x) = —fB(¢) into (A.1), then employing the Cauchy
inequality we obtain

1 2 T 6.7 471, 12 7 2303, |2
SIPswiiag) = Cros || Los' B Iwldxdt + C 5= [ | LB lwyr|*dxdt.
Q Q
Therefore, by taking into account (A.2), (A.25) and the previous inequality, we deduce

f / (L6s7ﬂ7|w|2 + L5 B |wy|* + L25° B2 lwix | + 5Bl W |2) dxdt
0

T

C

= SIPwI g +C / (L353B® 1w (4, 0P + LsB®)lwerr (1, 0)2) dr. - (A26)
0
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Conclusion. As we did in the previous parts, we can get the following inequalities.

f/ e—2so¢ (L6S7,37 |esaw|2+L4S5ﬂ5 |(esotw)x|2+L2s3ﬂ3 |(esotw)xx’2> dxdt
9]

=Co 2//L6 7,37|w|2dxdt+CZ//L6 HsTTApT dxdt
T4/3
. f/ e_zmsa|(es“w)x | dxdt<C—/f L8787 \w|*dxdt
Q0
*w
L4 2//L4 5,35|wx|2dxdt+CZ//L6 2k 72k g7-2k o dxdt

Accordingly, the preceding inequalities tell us that

3 k
a SO
~2sa 62k ;T—2k g2k 6—2k (7-2k 72k
E[/ L B a—kddt<CE//L B akddt
k=0"5 k=0"5
Finally, combining this inequality with (A.26), and then considering w = ¢™*%¢g and Pw :=

e S L(e**w), we arrive at the desired Carleman estimate. The proof of Proposition 3.1 is com-
plete. O
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