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1. Introduction and main results

Let T > Oand L € (0, +4o00). In this paper we consider a Kuramoto-Sivashinsky type equation, posed on Dirichlet
boundary conditions, of the form

2t + (0Zw) + V2 +22¢ = f, (t,x) € (0,T) x (0, L),

z(t,0) = hqy(t), z(t,L) = hy(t), te(0,7), (1)
zy(t,0) = h3(t),  z(t, L) = ha(t), te€(0,7),

z(0, x) = zp(x), xe (0,L).

Here 0 = o(x) and y = y(x) are known as the diffusion and anti-diffusion coefficients respectively, and f = f(t, x) is
an external excitation to the system. Eq. (1), with o and y being positive constants, is the Kuramoto-Sivashinsky equation
which was derived independently by Kuramoto and Tsuzuki [15] as a model for phase turbulence in reaction-diffusion
systems, and by Sivashinsky [20] as a model for the physical phenomena of plane flame propagation. This equation also
arises in the modeling of the flow of a thin film of viscous liquid falling down on an inclined plane subject to an applied
electric field [10].

Assuming that y and the data (f, hq, hy, hs, h4, z9) are known and fixed, we consider the inverse problem of retrieving o,
which is the main coefficient of Eq. (1), from partial knowledge of a given single solution. Some of the required knowledge
comes from measurements of the solution at the boundary, and since this equation is parabolic, our method also requires
knowledge of the solution at some positive time in (0, T). This last requirement is characteristic of inverse problems for
parabolic equations (e.g. [1,3,12,22]) and has already been discussed in [12]. Being more precise, we study the following.

Inverse problem: Retrieve o from the measurement of zy (-, 0) and zu(-, 0) in (0, T), and from the measurement of z(Ty, -)
in (0, L), where z is the solution of Eq. (1) and Ty € (0, T).
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By “retrieve” in an inverse problem we mean to obtain uniqueness, stability and reconstruction results. However, in this
paper we focus on the stability issue. Our main result is a local Lipschitz stability on an admissible set of main coefficients.
Of course, local uniqueness is also achieved on the same set.

The admissible set of main coefficients that we consider is defined by

Zad = Zaa(00, €1, 82, My, my) := {0 € H*(0,L)/o (x) > 09 Vx € (0, 1), 5 (0) = 1, 0x(0) = &3,
lollgapy < mi,z(o) € H'(0,T; H*(0, L)), lz(@) w1 0,100, < M2} (2)

where the constants 0 < o9 < €1, &, € Rand my, m, > 0 are given; and z(o') denotes the solution of Eq. (1) associated to
o,y and the data (f, hq, hy, hs, hy, z9). The non-emptiness of X, is an issue to be studied and is related to the existence of
solutions of Eq. (1). This kind of result has already been obtained in [ 1], however, it only holds for data (f, hq, hy, hs, hs, zg)
sufficiently small, i.e.

4
Ifll + Z lhill + llzoll < e, (3)
i=1
(with appropriate norms) for ¢ > 0 small enough. In this paper we succeeded to remove assumption (3), for a slightly less
regular functional framework than the presented in [1], by obtaining suitable energy estimates for the solution of Eq. (1).
Although the price to pay is to obtain less regular solutions, they are regular enough for our purpose.
In order to present our result concerning the existence of a unique solution of Eq. (1), some definitions will be needed.
Consider the auxiliary function

Y (t, x) = h()d1(x) + hy(t)d2 (%) + h3(£)d3(X) + ha()da(x), (4)

with d;(x) = 2L73x% — 3L72x% + 1, dy(x) := —2L73x> + 3L72x%, d3(x) := L™2x> — 2L '%* + xand d4(x) := L 2x3 — L7 1x%.
With this choice for these polynomials we get ¥ (t, 0) = hy(t), ¥ (t, L) = hy(t), ¥x(t, 0) = h3(t) and ¥ (t, L) = hy(t). This
allows us to present the following definition.

Definition 1. Suppose that z satisfies Eq. (1). Let ¢ be the auxiliary function defined in (4). o,y and the data
(f? hla th h37 h4a ZO) are Compatible le(O, X) = 1)/I(07 X)a ZX(Os X) = 1//X(Oa X)a Zt(07 X) = Wt(O, X) and Z[X(07 X) = 1)/Ifx(oa X)
holdatx = 0andx = L.

The first two equalities in Definition 1 are relations between zy and (hq, hy, hs, hy), and are required to obtain regular
solutions z of Eq. (1)in C([0, T]; H2(0, L)) NL?(0, T; H*(0, L)); whereas the last two, are relations between o, y and the data
(f, h1, ha, hs, ha, z9), and are required to get further regularity for z, namely, z; € C([0, T]; H?(0, L)) N L%(0, T; H*(0, L)).

Theorem 1. Let oy > 0and o € H*(0, L) be such that o (x) > o > 0 foreveryx € (0,L). Let y € H'(0,T; H*(0,L)),f €
C([0, T]; H*(0, L)) NH'(0, T; L2(0, L)), (hy, ha, h3, hs) € H*(0, T)* and zy € H®(0, L). Assume that they are compatible. Then,
Eq. (1) with y = y(t, x) has a unique solution z € C([0, T]; H%(0, L)) with z; € C([0, T]; H*(0, L)) N L?(0, T; H*(0, L)).
Moreover, there exists C = C(L, T, ||o'|ga(0.1)» 00, |V |1 (0.1:12(0.y)) > O such that

||Z||C([O,T];H5(O,L)) + ”Zt“C([O,T];HZ(O,L))QLZ(O,T;H“(O,L))

< exp {exp {C (1 + ||f||c<[o,T];H2(o,L))mH1(o,T;LZ(o,L)) + [I(h1, ha, hs, h3)||H2(0,T)4 + ”ZOHHG(O.L))}} : (5)

Remark 1. For the existence of a unique solution z of Eq. (1) we use (16), where an exponential is involved. A similar estimate
is obtained, for instance, in Lemma 21 in [7] for the Korteweg-de Vries equation. The double exponential in (5) appears when
(16) is applied to z; in order to obtain more regularity for z.

As it was pointed out before, this result allows us to argue that X4 is a non-empty set in some cases. In fact, provided
that o, y and the data (f, hy, hy, h3, ha, z9) are regular enough and compatible, we see that if we set m; as the right-hand
side of (5), then we have that X4 is a non-empty set if m, € [m;, 00).

Now we can present our main result.

Theorem 2. Consider o,y and data (f, hy, hy, h3, hy, zg) regular enough and compatible. Assume that there exist ¢ €

Y, To € (0,T) and Ry > O such that |z(6)w(To,x)| > Ro for every x € (0,L). Then, there exists C =
C(my, my, L, T, 09, Ro, ||V |li0,y) > O such that for every o € Xyq we have

1 _ _ _
E”G =0l =< I2(0)(To, ) — 2()(To, Hluao,ny + N20e(0) (5 0) — 2x (@) (-, O) | y10,1)

+ 122x (@) (-, 0) = Zux (@) (-, O)ly10,1) = Cll2(0) = 2(O) 10,714 0,1 (6)
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The first inequality in (6) corresponds to the local Lipschitz stability result for our inverse problem, and the second one,
to the regularity of the measurements. Indeed, the second inequality indicates that the required measurements are finite if
0,0 € Yy

To prove Theorem 2 we use a method due to Bukhgeim-Klibanov [4] and suitable Carleman estimates, which are families
of weighted energy estimates for the solution of a partial differential equation. The suitable Carleman estimates needed are
two: one for fourth order parabolic operators and another one for second order elliptic operators. This is due to the fact that
Eq. (1) without the nonlinear term zz, is a fourth order parabolic equation, and if we consider Eq. (1) at t = Ty, then we
obtain that ¢ is the main coefficient of a second order elliptic equation.

Remark 2. In Theorem 2 the knowledge that z,, (o), which is called reference trajectory, at t = Ty does not change its sign
in (0, L) seems to be the price to pay to retrieve the coefficient o with only one measurement. This kind of assumption is
usual when the method of Bukhgeim-Klibanov is applied in inverse problems for parabolic equations (e.g. [1,3,12,22]). The
existence or not of such a trajectory is an open problem.

Remark 3. The analogousness in inverse problems for hyperbolic equations (e.g. [8,13,17]), or equations with similar
properties such as the Schrédinger equation (e.g. [2,16,23]), is to know a reference trajectory that at t = 0 does not change
its sign in (0, L).

To the knowledge of the author, there are two previous papers proving Carleman estimates for fourth order parabolic
operators with the aim to be used in the following contexts:

e Control theory. In [6] local exact controllability to the trajectories is obtained for the Kuramoto-Sivashinsky equation.
e Inverse problems. In [1] a local Lipschitz stability result is obtained for the inverse problem of retrieving the anti-diffusion
coefficient y of a Kuramoto-Sivashinsky type equation.

Those estimates only have one large positive parameter. The Carleman estimate obtained in [6] is not useful for our
purpose because it only applies for operators with constant coefficients. The Carleman estimate obtained in [1] might be
suitable to obtain a stability result for our inverse problem, however its weight functions depends on every ¢ chosen. To deal
with this difficulty we derive a new one by using others weight functions, none of them depending on o, and by incorporating
a second large positive parameter. This estimate is presented in Proposition 3 and is obtained by following a procedure due
to A.V. Fursikov and O.Y. Imanuvilov [9]. For a review about Carleman estimates for parabolic operators you can see [21].

There already exist Carleman estimates for second order elliptic operators for general functional frameworks as can be
seen, for instance, in[11,14,19]. However, we need one in such a way that it can be used together with our Carleman estimate
for fourth order parabolic operators. Such an estimate is presented in Proposition 5 and its weight functions are the same
as the first estimate but evaluated at t = Tj.

For other papers obtaining local Lipschitz stability results for inverse problems of retrieving the main coefficient of
parabolic equations we mention [3,22], where it is considered the heat equation with discontinuous main coefficient and
second order parabolic equations respectively.

This paper is organized as follows. In Section 2 we prove the existence of a unique solution for the Kuramoto-Sivashinsky
type equation being considered. In Section 3 we prove the suitable Carleman estimates needed. Finally, in Section 4 we prove
the local Lipschitz stability result for our inverse problem.

2. Well-posedness

In this section we study the well-posedness of Eq. (1). The main tools to use are the Semigroup Theory, suitable energy
estimates and the Banach Fixed Point Theorem.

2.1. Linear problem

We consider the simplest linear equation, with null boundary conditions, associated to Eq. (1) such that we can use the
Semigroup Theory.

Proposition 1. Let 6y > 0and o € H%(0, L) be such that o (x) > oy for every x € (0,L). Let f € L?(0, T; L?(0, L)) and
2o € H3(0, L). Then, the equation

Zt + (szx)xx :f5 (t5 X) S (Ov T) X (O’ L)a

z(t,0) =0, z(t,L) =0, te(0,7), )
zx(t,0) =0, z(t,L) =0, te(0,T),

z(0, x) = zo(x), x € (0,0),

has a unique solution z € C([0, T]; H{(0, L)) N L*(0, T; H*(0, L)). Moreover, there exists C = C(L, |0 ||2(.1). 00) > O such
that

||Z||C([O,T];Hg(o,L))mLZ(0,T;H4(0,L)) <CV1+T? (||f||L2(0,T;L2(o,L)) + ||Zo||H2(0,L)) . (8)
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Proof. The proof of this proposition is split into two parts.
Part 1: Semigroup Theory. Consider the linear operatorA : H*NHZ (0, L) C L*(0, L) — L[*(0, L) defined by Az := — (0 Zyx)sx-
This operator allows us to write Eq. (7) into the Cauchy problem

{z’(t) =Az(t) +f(t), te][0,T], ©)
z(0) = zp.

We have that A is a self-adjoint operator and, since o (x) > o, > 0 for every in x € (0, L), we also obtain that
A is dissipative, i.e. (Az,z)2¢;) < Oforallz € H* N Hg(O, L). Therefore, A is a m-dissipative operator (e.g. Corollary
2.4.8 in [5]) and by the Hille-Yosida-Phillips theorem (e.g. Theorem 3.4.4 in [5]) we obtain that A is a generator of a
contraction semigroup in L?(0, L). Thus, if z € H* N H2(0,L) and f € C'([0, T]; L*(0, L)), then Eq. (9) has solutions
z € C([0, T]; H* N HZ(0, L)) N C'([0, T]; L*(0, L)) (e.g. Proposition 4.1.6 in [5]).

Part 2: Energy estimates. Throughout this section the letter C will denote a positive constant which may vary from line to
line. For the moment we assume that zy € H* N HZ(0, L) and f € C'([0, T]; L*(0, L)).
Multiplying by z(t, x) to Eq. (7) and then performing integration by parts over (0, L) we get

1 d L L L
f—</ |z(t,x)|2dx>+/ cr(x)lzxx(t,x)|2dx:f f(t, x)z(t, x) dx.
Zdt 0 0 0

Since from this equality we have

T L
I W + 20002l sy <4 [ [ 1020 ddt + 200l
0o Jo
we can use the inequality 4Tab < 8T?a? 4+ (1/2)b?, with a = f(t, x) and b = z(t, x), on it to obtain
Iz +200T |12} < 8T?|f |} + 27|z |7 (10)
12(0,T;12(0,L)) 0t llexxlli20,1:12(0,1)) = 2(0,T;12(0,L)) 0llr2(0,1)°
Multiplying by (o (x)zx (t, X))xx to Eq. (7) and then performing integration by parts over (0, L) we get

1d

L L L
—— </ G(X)szx(t,X)Ide> +f |(0'(X)Zxx(tax))xx|2dx:/ F(&,%)(0 (%) 24 (t, %))y dX, (11)
Zdt 0 0 0

from which we can conclude
2 2 2 2
[o0] ”Zxx(t» ) ”LZ(O,L) + || (UZXX)XX ”LZ(O,T;LZ(O,L)) =< 2 ”f”LZ(O,T;LZ(O,L)) + 2 ”0 ”LOC(O,L) ”ZO ”HZ(O,I_) . (12)

The continuous injection H'(0, L) < L*(0, L) allows us to obtain

2 2 2
1212 0 sy = € (1020wl 20 + 12 1B 0 ma50.19) - (13)

To handle the last term of right-hand side of (13) we use a special case of Ehrling’s lemma (e.g. Theorem 7.30 in [18]): for
every ¢ > 0 there exists C(¢) > 0 such that for every z € [*(0, T; H*(0, L)) we have

2 2 2
LZ(O.T;HS(O,L)) S 8||Z||L2(0.T:H4(0,L)) + C(g)”Z”]_Z(O,T;LZ(O,L))‘ (14)

Plugging (10) in (14), with ¢ = 1/2C, and then combining it with (13) and (12) gives us

Izl

2 2 2 2 2
2t Mo+ 120 ooy < CA+T2 (I Mo rzony + 120020 ) -
From this inequality and the Poincaré inequality we arrive to (8), which allows us to use a density argument to conclude

that Eq. (7) has a unique solution z € C([0, T]; H3(0, L)) N L*(0, T; H*(0, L)) if f € L?(0, T; L?(0, L)) and zo € HZ(0, L). The
proof of Proposition 1 is complete. O

2.2. Nonlinear problem

We begin this section deriving an a priori estimate in C([0, T]; Hg (0, L)) N L?(0, T; H4(0, L)) for any solution of Eq. (1)
with y = y(t, x), low order terms and null boundary conditions.

Lemma 1. Let oy > 0 and o € H?(0, L) be such that o (x) > o for every x € (0,L). Let y € L®(0,T;L*®(0,1)),B €
[>*(0,T; H*(0,L)), @ € R, f € [*(0, T; L*(0, L)) and yo € HZ(0, L). Consider the equation
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Ve + OVx)xx + VYV + BYx + By +ayyx =f, (t,%) € (0,T) x (0, 1),

y(£,00 =0,  y(t,L) =0, t e (0,T), 5
Ve(£.0) =0,  yu(t.L) =0, t € (0,T), (15)
y(0, %) = yo (%), x € (0,L).

Then, there exists C = C(L, T, || |y2(0.1)> G0, |V lzo(0.7:190(0.1))) > O such that the following a priori estimate holds
”y”C([O,T];Hé(O,L))DLZ(O,T;H“(O,L)) = exp {C(l +T) (1 + ”'3”L°°(0,T;H2(0,L)))} (”f”LZ(O,T:,LZ(O,L)) + ||YO||H2(0,L))

+lalexp {C(1+T) (1+ 1Blsorom) ) (12 .z + WolZaq, ) - (16)

Proof. Assume that Eq. (15) has solutions regular enough to perform the following computations. We start by deriving an
a priori estimate in C([0, T]; L?(0, L)) N L?(0, T; Hg (0, L)) for any y satisfying (15). This will lead us to an a priori estimate
in C([0, T]; HZ(0, L)) N L?(0, T; H*(0, L)).

Multiplying by y(t, x) to system (15) and then performing integration by parts over (0, L) we get

1 L L L
1d (/ I;v(t,X)Ide> +f U(X)Iyxx(t,X)Izdx+f Y (X)yx (£, )y (¢, x) dx

1 L L
4 | eovenpa= [ ey
0 0
If in this equality we consider

ly ||L°°(0 T:19°(0,1))

L
200 /Iy(t X)dx + = /o(x)lyxx(t,X)lzdx,

L
/ Y ()yx(t, )y (t, x) dx <
0
then by using the continuous injection H!(0, L) < L*(0, L) we arrive to
d L L L L
i ([ wewra) + [Cowatoorac (15 ) [ vetac [ e ke
0 0 0 0
Gronwall’s lemma allows us to conclude from this inequality that
ly (€, I < exp {C (T + 1Bl 0.1 0m)) ) (||f||L2(OT 2o+ ||yo||fz(o,m) : (17)

Moreover, according to the Poincaré inequality, (17) and the inequality x < e* for all x € R we obtain

2 2 2 2
”y”LZ(O,T;Hg(O,L)) = C (T + “ﬁ”Ll(O,T;HZ(O,L))) ”y”C([O,T];LZ(O,L)) + ”f”Lz(O,T;Lz(O,L)) + ||J’0||L2(0,L)y

IA

exp {C (1 + T + ”ﬂ”Ll(O,T;HZ(O,L)))} (”f”ZZ(O,T;LZ(O,L)) + ”yO”ZZ(O,L)) . (]8)
Therefore, combining (17) and (18) leads us to
Wllcqorrzommormzon < exP{CA+T) (1+ 1Blxormzom)} (Fllzorzon + 1Yolizon)- (19)

Applying (8) to Eq. (15) we get

”y”C([O,T];Hg(O,L))ﬂLZ(O,T;H4(0,L)) S Cyv/1 + T2 (“f - yyXX - IByX - ﬂxy - o‘l.yyx“LZ(O,T;LZ(O,L)) + ”yO”HZ(O,L)) . (20)

The first term of the right-hand side of (20) will be bounded from above in terms of ||y [l ¢(o0.7}:12(0.1y) @04 [1¥1112(0,7:12(0.1y) ODIY-

The continuous injection H!(0, L) < L*°(0, L) will be used several times in order to achieve this. The following inequalities
are obtained:

lyysxllizorzo.n) < 1Y o000 1Y1120.7:H20.1))
T 1/2
1 BYxll20,1:120,1) = <[ llB(t, ')||%00(0,L)||Yx(tv ')||f2(0,L>df) = Cll Bl o111 0,00 Y12 0,7:H7 0,10)»
OT 12
1BYN2o.r20.) < </0 Il B«(t, ')||z°°(o,L) lly(e, ')||fz(0,L)df> =< CllBlieo,r:m20.0) V20 1:20,00)

T 1/2
2 2
loyyxlli2o,m:20.0) < le¥l (/ lly (e, ')”Lz(o.,_)”J/x(t’ ’)||L°°(0,L)> < Clallylleqo,ri:z,m) IV l20, ;12 0,1 -
0
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Hence, plugging (19) on these inequalities gives us
lyysx + Byx + Bxyllizo. 20y < € (1 + ||/3||L00(0,T;H2(0,L))) IWll20,7:12 (0,15
< exp {C (1 + ||/3||L°°(0,T;H2(0.L)))} (||f||L2(o,T;L2(o,L)) + ”yO”LZ(O,L)) ’
||(¥J’YX||L2(0,T;L2(0,L)) =< |05|||J’||c([0,r];1_2(0,1,))||Y||L2(0,T;H2(0,L))7
2 2
|(X| exp {C (1 + ”ﬂ”LOO(O,T;HZ(O,L)))} (”f”LZ(O,T;LZ(O,L)) + ”yO”LZ(O,L)) .

IA

Finally, (16) is obtained by combining the two preceding inequalities with (20) and then using the inequality x < e* for all
X € R. The proof of Lemma 1 is complete. O

It will be shown that Eq. (1) with y = y(t, x) has a unique solution in C([0, T]; H2(0, L)) NL?(0, T; H*(0, L)): the Banach
Fixed Point Theorem will give us the local well-posedness and Lemma 1 the global well-posedness.
Proposition 2. Let 0y > 0 and o € H?(0, L) be such that o (x) > og forevery x € (0,L). Let y € L®(0, T; L*®(0,1)),f €
[?(0, T; L%(0, L)), (hy, hy, h3, hy) € H'(0, T)* and z, € H*(0, L). Assume that
20(0) = hy(0), zo(L) = hy(0), 7y(0) = h3(0) and zy(L) = hy(0). (21)
Then, Eq. (1) with y = y(t, x) has a unique solution z € C([0, T]; H?(0, L)) N L?(0, T; H*(0, L)). Moreover, there exists
C=C(L T, llolluom: o0 17 llx@.r:10.1)) > 0such that

Izllcqo,rim20,mn2 01400 < €XP {C (14 If 20,2000 + 10115 ha, b3, Bl o,y + Zollw20.1)) } - (22)

Before giving the proof of this proposition, we remark that to ask (21) corresponds to ask that z(0, x) = ¥ (0, x) and
7¢(0, x) = ¥»(0, x) hold at x = 0 and x = L (see Definition 1). Recall that v is the auxiliary function defined in (4).

Proof of Proposition 2. Assume that z satisfies Eq. (1) with y = y(t, x). Let us define y := z — . From Eq. (1) it follows
that y satisfies

Ve+ (OVxdsx + VVix + ¥Yx + Uy +yyx =g, (£,%) € (0,T) x (0,1),
y(t,0) =0, y(t,L) =0, te€(0,7),
yx(ta O) :Oa J’x(t, L):Os te (O, T)a
Y(0, x) = yo(x), x€(0,D),

where g :=f — ¥y — (0Vn) e — ¥ ¥x — Yy and yo(x) == zo(x) — ¥ (0, x). We have that v € H'(0, T; C*([0, L])), and
from the inequalities

(23)

||1/f||L00(0,T;H2(0,L)) < C||(hy, hy, hs, h4)||L°°(0,T)4» (24)
lglzorz0um = € (IFlzoreom + 1 b hs )l + 10, ha, hs, R I 1ye) (25)
I¥olln2c0.) < C (l2ollyzo.0y + I1(h1, 2y h3, ha)lliooo.1y4) - (26)

thatg e L2(0, T; L?(0, L)). Moreover, y, € Hg(O, L) is obtained by additionally considering (21). The remainder of the proof
of this proposition is split into three parts.

Part 1: Uniqueness. Suppose that Eq. (23) has a unique solutiony € C([0, T]; HS(O, L)) NL?(0, T; H4(0, L)), and consider
Z € C([0,T]; H?(0, L)) N L?>(0, T; H*(0, L)) to be any solution of Eq. (1) with y = y(t, x). We can use Lemma 1, with
B =z =y+ ¢ and @ = 0, on the equation satisfied by A := z — Z to conclude that A = 0, leading us to the uniqueness of
solutions.

Part 2: Local well-posedness. For 6 € (0, T] consider %, := C([0, 6]; H(0, L)) N L*(0, 6; H*(0, L)), and forR > 0, By g :=
{z € Fo/llzll 7, < R}, which is a Banach space endowed with the || - ||z norm.
Let us define themap A : p € By g > A(p) =y € By g, Where y satisfies

Ve + 0V =& — (VP + ¥Dx + YD + PDy)s (£, %) € (0,0) x (0, L),

Y(t.0)=0.  y(t.L)=0, t € (0, 0). .
Ve(t,0) =0,  yu(t, L) =0, t € (0.0). (27)
Y(0, %) = yo(x), x € (0,L).

In this part of the proof it will be shown that A is well defined and a contraction for 6 € (0, T) small enough and for a certain
R > 0, that later will be chosen properly. Note that p is a fixed point of A if and only if p is a solution of Eq. (23) with T = 6.
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From the inequalities
2
l¥Pxx + ¥Dx + ¥xPll20,0:20,0) = (||7/||L°°(0,L) + ”w”LOO(OAf);W]’OO(O,L))) 6" lpll .,
12112 1212
Ippxll20.6:20.) < 0" IPI2 g0 010111 0.0y < 072 1PII,

we have that (g — ypx — ¥Px — ¥xp — ppx) € L%(0, 6; L?(0, L)). Hence, we can use Proposition 1 to conclude that Eq. (27)
has a unique solution A(p) =y € Fy. Moreover, in virtue of (8), that solution satisfies

1AMz < V14602 (lgllzo:20.1) + 1ollnzo.r)

+ V14602 (I o + 1Vl omtony + R) 021Dl 5. (28)
Let p, g € By ;. From Eq. (27) it follows that A := A(p) — A(q) satisfies

Ar + (0 Ax)xx = ¥V (@xx — D) + V¥ (Gx — Px) + ¥x(q — ) + (qqx — PPx), (t,X) € (0,0) x (0, 1),

A(t,00=0,  A(t, L) =0, t €(0,0),
Ax(ta O) = Oa Ax(t» L) = 07 t € (07 9)’
A(0,x) =0, x e (0,L).

Applying (8) on this equation and then combining the resulting expression with the inequalities

lppx — 9qxlli20.0:120.0) = 1@ — DPxlli20.0:120.0) T 1Px — GGl 12(0.6:12(0.1)
IPxllzee0,6:000,0) <R and |Iqllzc(0,60:1¢(0,1)) < R,

give us

Al < CV1+602(llylleon + 191l o0 0,0:w1.00 0,19y + 2R) 0'p — ql 5. (29)
Hence, if we define
iR =20V 1+ 02 (llgl206.20.0) T IYollwzon) -
M(@) = C\/ 1 + 02 (”y”LOO(O,L) + ||¢||Loo(0,9;wl,oo(0,]_)) + 2R) 91/2,
then from (28) and (29) we obtain

R
AP 7 = 5 +M@)lplz
1A(D) — A@ 5 = M@)lp —qll5-

Since M(0™) = 0 and M(-) is a non-negative, continuous and increasing function on (0, +00), there exists € (0, T) small
enough such that M(0) < 1/2. Therefore, from (30) we have that A is well defined and a contraction. Finally, the Banach
Fixed Point Theorem allows us to conclude that A has a unique fixed point in By g.

(30)

Part 3: Global well-posedness. Since we already have a local result for Eq. (23), we only need to obtain an a priori estimate
for any of its solutions to achieve a global result.

From the beginning of the proof of this proposition we see that Lemma 1 can be used, with 8 = ¥ and « = 1, on Eq. (23)
to obtain

lyllz < exp {C(l +71) (1 + ||W||L°°(0,T;H2(0,L)))} (||g||L2(0,T;L2(O,L)) + ||)’0||H2(0,L))
+ exp {C(1+T) (14 1 o rom) | (1810 a0 + 1Y0l2e0 ) -
Therefore, plugging (24) to (26) on this inequality and then using the inequality x < e* for all x € R give us
Iylls < exp{C (14 Ifli2or20.u) + (s o, hs, ha)llg o e + I20lli2) } -

from which we get (22), and the global result, by taking into account ||z||# — [|¥ [l# < ||¥|ls . The proof of Proposition 2 is
complete. O

The estimates developed so far will be used to obtain more regularity for the solution of Eq. (1) with y = y (¢, x).
Further regularity requires to ask for a compatibility condition on o, y and the data (f, hy, ha, hs, h4, o). This compatibility
condition is given by Definition 1.

Proof of Theorem 1. As in the proof of Proposition 2 we set Fr = C([0, T]; H2(0, L)) N L*(0, T; H*(0, L)). The hypotheses
of that proposition are fulfilled, and hence, Eq. (1) with y = y(t, x) has a unique solution z € ¥7. Therefore, it only left to
prove that z, € F andz € C([0, T]; H%(0, L)).



282 P. Guzmdn Meléndez / ]. Math. Anal. Appl. 408 (2013) 275-290

Lety := z; — . From Eq. (1) it follows that y satisfies the equation

Ve + (O@Y)sx T VY +2vx+zy =g, (t,x) € (0,T) x (0,L),

Y&, 0=0, (., L)=0, te(,T), .
Ve(£,0) =0,  y(t, L) =0, t € (0.T), 1)
y(X, 0) =y0(X), X e (O,L),

where g = fi — Y1z — Yir — (0 Vo) ox — ¥V Yix — 2 ex — 2 and yo (x) == z;(0, x) — ¥+ (0, x). Note that from Eq. (1) we have
Yo%) = f(0,x)— (a (*)zg (x))// —¥(0, x)zy (x) — 20 (x)zy (x) — Y (0, ). By using the continuous injection H' (0, L) < L*°(0, L)
we obtain

Iglzorzon < C(fillzorzon + 1V 1norm 00012l cqo.rinzo.n + I, ha, hs, ha)lly2 o rya
+ ||Z||C([0,T];H1(0,L)) |Chy, hy, hs, h4)||H1(0,T)4) s (32)

ollpzory < € (||f||c<[o,1];H2(0,L)) + llollga@.lzollms 0.y + 11V lcqo.ri:m2(0.0) 120 14 0,1
+ ||Zo||i3(0l) + |I(hy, hy, hs, h4)||w1.<>0(o,r)4) . (33)

These inequalities allow us to conclude that g € L?(0, T; L(0, L)). Moreover, yo € Hé(O, L) is obtained by additionally
considering the compatibility condition. Therefore, we can use Lemma 1, with 8 = z and « = 0, on Eq. (31) to obtain
lylly, <exp {C 1+T7) (1 + ||Z||LDC(0,T;H2(0,L)))} (||g||L2(o,T;L2(o,L)) + ||}’0||H2(0,L)) .

Plugging (22), (32) and (33) on this equation, then considering ||z |ly, — I¥¢lly, < ll¥lly, and finally using the inequality
x < e*forallx € R give us

lzelly; < exp {exp {C (1 + W lleqo,rim20,0)nH1 0, 1:120,1y) T 11 (M1, B2y b, ha)llpg2 o 1y + ||Zo||H6(o,L))}} . (34)
Now it only rest to prove that z € C([0, T]; H®(0, L)). For doing this we first see that z € C([0, T]; H*(0, L)) because of
the continuous injection H'(0, T; H*(0, L)) — C([0, T]; H*(0, L)). From Eq. (1) we have
(0 za)llco.minzony = Ifllcqorinzon + 12llcqoriHzo.)
+ 1Y oo 0.7:200 0.0 12l c o, 17: 14 0,1)) T ||Z||g([0’T];H3(0’L))-
Therefore, plugging (34) on this inequality and then using the inequality x < e* for all x € R give us
@ zedwllc o,z < exp {exp {C (14 If lcqo,rn2 0.0y 0,120,100
+1I(hy, ha, h3, h3)ll2o.1y¢ + llZollyso.0)) }} - (35)

We can use the same argument based on Ehrling’s lemma (see Part 2 of the proof of Proposition 1) to conclude that
z € C([0,T]; H%(0, L)). Finally, (5) is a consequence of (34) and (35) after the above-mentioned argument. The proof of
Theorem 1 is complete. O

3. Carleman estimates

In this section we provide the suitable Carleman estimates for the study of the stability of our inverse problem. We begin
with an estimate for fourth order parabolic operators and finish with an estimate for a special case of second order elliptic
operators. Both estimates are obtained by following a procedure due to A.V. Fursikov and 0.Y. Imanuvilov [9].

For s > 0 we define the weight functions

eZSHﬂHLOC(o,L) — eSB® esB®)

¢(t7x) = (x(t) ’ n(tvx) = Wa

where o € C'([0, T]) and 8 e C?([0, L]) are such that

e 2(0) =«a(T) =0,and for Ty € (0, T) given, 0 < a(t) < a(Ty) forevery t € (0, T).
e Forr > 0given,r < B(x), Bx(x) < —r and By (x) = 0 for every x € (0, L).
From these conditions it follows that ¢ > Oand n > 0 on (0,T) x (0,L). Also ¢(t,x) > ¢(Ty, x) for every

(t,x) € (0,T) x (0,L) is obtained. Note that ¢ and n are unbounded in (0, T) x (0, L) because both blows up att = 0
and t = T, however, e~*?¥ is bounded for every k € N U {0} and A > 0. Concerning the latter we have

lime ¥ = lime % =0, Vx e (0,L). (36)
tl0 AT

Some computations which are not difficult allow us to obtain the next lemma, which is presented without proof, where
we list some useful properties of the weight functions that will be used from now on.



P. Guzmdn Meléndez / J. Math. Anal. Appl. 408 (2013) 275-290 283

Lemma 2. In (0, T) x (0, L) the following holds:

(@) s < (||0l||L°°(0,T)/T) n.

(b) 3¢ = —(Bo)*s*n forevery k € N.

(©) Ioxe| < (e lleoo,m l Bxllie 0.0 /T) n*.

() I¢e] < (lowellioeo,r/r?) As™2? if & = eXIPleon,

In what follows we set Qr := (0, T) x (0, L). Also, the letter C will denote a positive constant, independent of s and A,
which may vary from line to line. Finally, we assume that « and 8 are fixed.

3.1. Fourth order parabolic operators

Let (q1, G2, q3) € L0, T;L®(0,1))3, 00 > 0Oand 0 € WH>(0, T; W% (0, L)) be such that o (t, x) > oy for every
(t, x) € Qr. Consider the operator
Pv := vt + 0 Uxxxx + @3Vxxx + G2V + q10x + qov,
defined on 'V := {v € [?(0, T; H* N HZ(0, L)) /Pv € L*(0, T; L*(0, L))}. Note thatif v € 'V, then v, € L?(0, T; L?(0, L)). In the
next proposition we present a Carleman estimate with two large dependent parameters.

Proposition 3. Let m > 0, ||(q1, 42, q3) I ;co0.1:10000,0)3 < M and |0 lwrcoo riw3oery) < m. There exist so > 0 and

C = C(m, 0o, So) > O such that for every s > so, A > e*1Pli*01 gnd v € V we have

v 2—{— v 2
// e 29 <7| d k7|7 oo > dxdt + // e (7% [)? + 228°0° |uxl® + st P ol 4 A5 0| vewl®) dxdt
Qr Qr

T
< cff e 2| Py|?dxdt + c/ e 0D (038303 v (£, 0)* + Asn|ve(t, 0)]%) dt. (37)
Qr 0

Proof. It is enough to prove (37) for P,v := v; + 0 vy With v € V. In fact, assume that we have proved (37) for P,v instead
of Pv. We have

/./ e 2Pyl < 2/ Pufdxdt + C// e (vl + [val® + [vxl® + [v]*)dxd.
Qr Qr Qr

By choosing s > 0 and A > 0 large, and taking into account Lemma 2, it is possible to absorb
Cff e_2¢k(|vxxx|2 + |vxx|2 + |Ux|2 + |U|2)dde,
Qr

with the left-hand side of (37), concluding that (37) also holds for Pv.

By following a procedure due to A.V. Fursikov and 0.Y. Imanuvilov [9], we will prove a Carleman estimate for the operator
Lw := e *P,(e*w) defined on W := {e~*v/v € V}. This will lead us naturally to (37) for P,v.

Consider the decomposition Lw = Lyw + Lyw + Ryw, where

Liw = w; + 420wy + AW + 413 Be (70w,

Lw = Afw + 6122 Wy + 0 Wy + 612 (920 ) xwy,

Row = AQrw + Arux0 W + 4A2Px x0T W + A0 Wy + A3 P20 W + 1202 ey Wy
+ 6)¥¢’xx(7 Wy + 3)\2¢3wa - 4)\3¢x(¢50)xw - 6)¥2 (¢$U)xwx

The key for obtaining the Carleman estimate is to correctly choose Lyw, L,w and Ryw. The structure of the decomposition
gives us

2

”Lw - ROw”LZ(QT)

= ILwllf,, +2 Cw, Lw)pg, + [Lwlheg, - (38)

Now we introduce some notations that will be used throughout this proof. The purpose of doing this is to make clear all the
computations needed. For w € ‘W we introduce

lwlly == f / (V7807 [wl? + 235575 unl? + A% % wal? + 252 we?) dict,
Qr

2 2
lwllp == // (|wt| ';lwxxxx| )dxdt,
Qr n
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Io(w) == —A7 f f 6¢S P’ |w|*dxdt, (39)
Qr

L(w) = —A° f f (30¢5 puxa® + 12930 0x) |wy|*dxdt, (40)
Qr

L(w) = =23 / / (5897 pu0” + 32070 0y) |wix|*dxdt, (41)
Qr

L(w) == —A / / (200 + 440 0y) Wy *dxat, (42)
Qr

and finally

T
B(w, X) = / (102382 (£, x)02 (£, X) [ (£, X)* + 24(t, X)0 > (£, %) [ Wi (£, X)|?) diE.
0
Before continuing with this proof we need the following two technical lemmas.

Lemma 3. Under the hypotheses of Proposition 3, there exist s > 0 and C = C(m,o0g,S0) > 0 such that for every
s > 50, A > eXIPlon and w € ‘W we have
(@) IRowlZ g, < CA7's M w]la

2 2
(b) llwlls = € (ILwllsyg,, + 2wl g, + lll)-
(©) B(w) + L(w) + L(w) + lo(w) = Cllw]a.

Proof. First, part (a) follows from a direct application of Lemma 2 by considering s > 0 large and A > e*!#li*0. Note that
part (d) of Lemma 2 has been only used to bound the term A¢;w. Second, if we consider s > 0 and A > 0 large with part (b)
of Lemma 2 we get

o gfoT %dxdt < [Jo, ILiw|Pdxdt + [ [, (M350 [wyl? + A8 wywl? 4+ A2s5n°|w]?) dxdt.
o & [l e < [fy, \widxdt + [, (75wl 42350 fwl? + 275" ) dde.

These two inequalities give us part (b). Finally, from (39) to (42) and part (b) of Lemma 2 we conclude that there exist
Cy = C1(0g) > 0and G; = C(m) > 0 such that

Lw) + L(w) + () + Ip(w) > Cilwlla — Cs™H[wla.
Therefore, by choosing s, > 0 large we obtain the existence of C = C(og, m, Sg) > 0 such that for every s > so we have part

(c). The proof of Lemma 3 is complete. O

Lemma 4. Under the hypotheses of Proposition 3, for every w € ‘W we have

3
(Liw, Lw)igy = Y l(w) + B(w, L) — B(w, 0) + Ry(w), (43)
k=0

where Ry (w), which is defined in (45), gathers terms that for s > 0 and . > 0 large satisfies

Ri(w)| < Cs™" (wlla + Nwll) - (44)

Proof. Fori,j = 1, 2, 3, 4 we denote by J;; the [2-product in Qr between the i-th term of Lyw with the j-th term of Lw.
Note that with this we have

4
(L]U), sz)Lz(QT) = Zli’j'
ij=1

Integrations by parts are performed in time or space on every I; ; and each resulting term is included in only one part of the
right-hand side of (43). Since v € V implies v; € L[*(0, T; L?(0, L)), we conclude that v € C([0, T]; L>(0, L)). Therefore, in
virtue of (36), every w € W satisfies w € C([0, T]; L?(0, L)) with w(0,x) = w(T,x) = 0a.e.x € (0, L). Each resulting
expression for J; j is listed below.

A 4 2
olii=—— (¢70), lw|*dxdt .
2 Qr

Ry(w)
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oliz=—li4+3)° // (¢20), lwy|*dxdt .
Qr

Ry(w)

1
oli3= —// Oxx Wy Wy dxdt —2 // Ox Wyxx W dxdt —— // 0[|wxx|2dxdt.
Qr Qr 2 Qr

Ry (w) Ri(w) Ri(w)

ol 4 =617 // (¢20), wew, dxdt, which is canceled when adding I .
Qr

oh 1 =-2) f[ (¢r0”), lw|dxdt .
Qr

Io(w)
ol = —12)° // (¢30?), lwyl*dxdt .
Qr
Iy (w)
el; = 6° // (¢307), lwyl*dxdt —22° // (p30?),, lwyl*dxdt
Qr Qr
I (w) R1(w)

T T
—2)° / #; (t, Do (t, D) |wy(t, D)Pdt + 223 / #; (¢, 0)o%(t, 0) |y (£, 0)|*dE .
0 0

B(w,L) B(w,0)

oy, =24)° // (¢20), dyo|wyl*dxdt, which is canceled when adding Iy ».
Qr

oly; = —2)° // (¢707),, lwI*dxdt +62° // (¢307), lwx|*dxd .
Qr Qr

Ry(w) Iy (w)

T
oy, = —12)° // ( 302)X|wxxlzdxdt+lzk3/ ¢y (t, D)o (t, L) |we(t, D)|?dt
Qr 0

L(w) B(w,L)

T
—1213 / B3 (t, 0)0>(t, 0)|wy(t, 0)[*dt .
0

B(w,0)

T
ol33 = -2 / / (x0°),, [wyel*dxdt + 21 / bu(t, D)o (t, L) [wie (¢, L) dt
Qr 0

I3(w) B(w,L)

T
—2?»/ Bu(t, 0)0> (£, 0) |wn(t, 0)[*dlt .
0

B(w,0)
ol =12)° / / [(¢70), ¢x0 ], lwxl*dxdt =242 / / (¢70), b0 |wi|*dxdt .
Qr Qr
R1(w) I (w)
olyq = 437 // ¢fo (d)fa)x |w|?dxdt .
Qr
Ip(w)

olaz=120° f f [(670), 8], lwdxdt =l 4.
Qr

Ry(w)
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oy = 40 / [(620), ¢ ] Wit dudt —42° / [(620), o], lwnldxdt
Qr Qr

R1(w) R1(w)

+ / (620),, #x0 [w|*dxd .
Qr

L (w)

ol = —12A5/ [(¢50), 420 ], lwl*dxdt .
Qr

R1(w)

By adding all the above terms we obtain (43) and conclude that

Ri(w) = —7// (¢70), lw|*dxdt — 215// 0?) o Wl dxdt+12,\5/ (¢50), 20, lwl*dxdt
—1215/Q [(qbfo)Xd)f‘a]x|w|2dxdt+3sz (¢20), lwy|*dxdt — 22° //Q (6307),, lwxl*dxdt
T T

T Q
1
+1zx3/f [(¢70), #x0 ], lwyl*dxdt — 42° /[(¢fa)x¢xa]xx|wx|2dxdt—5// Ot | wex |2 dxdt
Qr Qr Qr

— // OxxWxx Wy dxdt — 2 // O Wyx We dxdt + 423 // qu o WWa dxdt. (45)
Qr Qr Qr

Consider s > 0 and A > 0 large. According to Lemma 2, all except the last three terms of the right-hand side of (45) can
be bounded by CA~2572||w || 4. The three remaining terms can be bounded by Cs~! (||w]|4 + [|lw|z) by additionally using the
Cauchy-Schwarz inequality. This allows us to get (44). The proof of Lemma 4 is complete. O

Now we continue with the proof of Proposition 3. In what follows we consider s > 0 large and 1 > e*!#li*©. Since for
every w € W and x € (0, L) we have B(w, x) > 0, we can use (38), (43) of Lemma 4 and part (c) of Lemma 3 to obtain

C (M1wlid gy, + 2wl gy + wlla) < 20wlayg,, + 2IRowlE g, ) + B(w, 0) + [Ry(w)].

Combining this inequality with part (b) of Lemma 3, part (a) of Lemma 3 and (44) of Lemma 4 we get

Nl + lwly < € (Il g, +Bw, 0) +€ (7™ +57) (lwlla+ lwll) (46)

12(Qr)

Since
T
B(w,x)| <C / (RS’ (£, 0 [ (t, X)) + Asn(t, X) [y (£, X)[%) dt
0

we see from (46) that we can choose s, > 0 large to obtain that there exists C = C(m, gg, Sg) > 0 such that for every
s > sp, A > e¥1Blon and w € ‘W we have

T
||w||A+||w||bsc(uLwan(Q) / (R$n*(t, 0)[wi(t, 0)* + Asn(t, 0)|wie(t, 0)|2)dt). (47)
0

This is the Carleman estimate for Lw. Now we have to return to the original variable v and retrieve from (47) the Carleman
estimate for P,v. By taking into account Lemma 2, the following inequalities are obtained:

o [fo €2 L (1P w) P + (€ w)eul?) dxdt < C (lwlla + wllp)-

o foT e 24 (;\75 7e*w] + A3sEn3 (e w)x| + s 3| (€ w)| + AsPn] (P w) ) dxdt < Cllw]|a.
o [1 338303 (t, 0)|welt, 0)]2dt = [} e 2¢E03533(¢, 0)unc(t, 0)2dt.

o [] hsn(t, 0wy (t, 0)2dt < C [ e 2900 (35353 (¢, 0)|ue(t, 0)[2 + Asn(t, 0)|vge(t, 0)?) dt.

The Carleman estimate for P,v is obtained by combining these inequalities with (47) and by considering w = ey and
Lw := e **P,(e**w). The proof of Proposition 3 is complete. [
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3.2. Second order elliptic operators

Let Ry > 0 and R € H?(0, L) be such that |R(x)| > Ry for every x € (0, L). Consider the operator

Ef := (RP)xxs

defined on ¥ = {f € H'(0,L)/Ef e I%(0,L)}. Note that if f € ¥, then f,y € L?(0,L). In this section we consider
o(x) == ¢(Tp, x) and v(x) := n(Tp, x) as weight functions. For these weight functions, Lemma 2 is still valid. In the next
proposition we present a Carleman estimate with two large independent parameters.

Proposition 4. Let m > 0 and |[R||y2(o ) < m. There exist so > 0, Ag > 0 and C = C(m, Ro, So, Lo) > O such that for every
$ >S9, A > Agandf € F we have

L L
/ e~ (WsTP(f1? 4+ As*vIfi[?) dx < c/ e M |Ef Pdx + Ce @ (A3s*12(0)[f (0)* + Asv(0)[f(0)]?) . (48)
0 0

Remark 4. Note that R, the main coefficient of the operator E, belongs to H2(0, L) and not to W2°°(0, L) in contrast with
o, the main coefficient of operator the P, which is in W (0, T; W (0, L)). This regularity for R will be essential in the
study of the stability of our inverse problem.

Proof of Proposition 4. We proceed as we did in the proof of Proposition 3. Let Epf = Rfyx with f € #. Assume that we
have proved (48) for E,f instead of Ef. Since Ef = E,f + 2R.f; + Ry f, we have

L L L
/ e E,f Pdx < 2 / &2 Ef dx + 8|Ryll2 o1 / e, P + 2R g €S o (49)
0 0 0

Considering the continuous injection H'(0, L) < L*(0, L), the last two terms of the right-hand side of (49) can be bounded
from above by

L
C/ e (I 1P + A2V IF 2 + 1)) dx. (50)
0

By choosing s > 0 and A > 0 large, and taking into account Lemma 2, (50) can be absorbed with the left-hand side of
(48), concluding that (48) also holds for Ef . Therefore, we only have to prove (48) for E,f. As we did before, we will prove a
Carleman estimate for the operator Lw := e *E,(e**w) /R defined on ‘W := {e *f /f € F}. This will lead us naturally to
(48) for Eyv.
Consider the decomposition Lw = Lyw + L,w + Ryw, where

Liw = kz(pfw + Wiy,

Lyw = 2@y wy,

Row = Agxw.

The structure of the decomposition gives us

ILw = Rowl}s o 1y = 1w} ) +2 Liw, Law)py + ILwlifg - (51)
We have that
L
(Liw, Lw)zg, = —3 / Vol oulwldx + 12) ()| w(L) > — A2 (0)|w(0)?
0
L
- f Al wy|2dx + Ay (L) [y (D)]* — Ay (0)[wy (0)[. (52)
0

If for w € W we define
L
il = [ G35t0P P + as%a ) dx.
0
then from (51) and (52) we obtain, by taking into account Lemma 2, that

lwlla = € (1wl g, + IRowlgg , + 45 @) [w(©) + Asu(©) ux(O)F)

Combining this inequality with

2 1.2
[Rowll 2 ) < CA™ s "[[wlla,
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we see that we can choose s > 0 and Ag > 0 large to obtain that there exists C = C(m, Ry, So, o) > 0 such that for every
$ > Sp, A > Agand w € W we have

lwlla < € (IPwlyg ) + 25V @w©OF + Asv(©)uxO)F)

To return to the original variable f, which will allow us to get the Carleman estimate for E,f, we proceed in the same way
as we did at the end of the proof of Proposition 3. The proof of Proposition 4 is complete. O

The following result, which is presented without proof, is a direct consequence of Proposition 4 by taking into account the
hypothesis |[R(x)| > Ry > 0 for every x € (0, L). This hypothesis allows us to include the term e~?*%|f,,|? into the left-hand
side of (48) since

L L
R2 / e fiyPdx < / e 2 |E,f P dx.
0 0
(See the notation introduced at the beginning of the proof of Proposition 4.)

Proposition 5. Let m > 0 and |[R||y2(o;) < m. There exist so > 0, Ao > 0 and C = C(m, Ry, so, 2o) > 0 such that for every
$ >S9, A > Ao andf € F we have

L L
/ e (W' If P + AP0l + [fil?) dx < Cf e 2 |Ef |2dx 4+ Ce= ¢ ©@
0 0

x (A*s12(0)If (0)]> 4 Asv(0) [« (0)[) . (53)

Remark 5. If we consider 8 to be an increasing function, then inequalities (37), (48) and (53) with boundary terms atx = L
instead of x = 0 would have been obtained. As can be seen in the proof of Theorem 2, the boundary terms in the Carleman
estimates are related to the location of the measurements of the inverse problem.

4. Stability of the inverse problem

This section is devoted to the proof of Theorem 2, which is a local Lipschitz stability result in X4 for our inverse problem.
To prove this theorem we use a method due to Bukhgeim-Klibanov [4] and the Carleman estimates given by Propositions 3
and 5.

Proof of Theorem 2. The proof of this proposition is split into four parts.

Part 1: Method of Bukhgeim—Klibanov. Let u := z(0) — z(0),f = 0 — 0 and R := z(0). It follows from Eq. (1) that u
satisfies the equation

ut + (qux)xx + Vuxx + Z(U)ux +Zx(0)u = (fR)Xxv (t’ X) € (05 T) X (05 L)5
u(t,0)=0,  u(t,L)=0, te,7),
ux(t,0) =0, uy(t,L) =0, te(0,71),
u(0,x) =0, x € (0,L).

(54)

Note that to prove this theorem it is sufficient to obtain an estimate of f in terms of iy (-, 0), Uy (-, 0) and u(Ty, -). Let
v = u,. It follows from Eq. (54) that v satisfies the equation

Ut + (vax)xx + vax + Z(G)vx +ZX(J)U = (th)XX - h» (t5 X) S (O’ T) X (O’ L)’

(£, 0) =0, v(t.L)=0, t € (0,T), s
0(£.0) =0,  vy(t.L) =0, te(0.T) (55)
v(0,x) = (F(X)R(0, X)) xx, x e (0,L),

where h := z:(0)u, + z(0)U.

Part 2: Carleman estimate for elliptic operators. Since 6,5 € X4, we see that f € H*(0, L) with f(0) = f,(0) = 0. This
and the fact R € H'(0, T; H?(0, L)) allow us to conclude that (Ef)(x) := (f X)R(To, X))x € L*(0, L). Also, by hypothesis we
have |R(Ty, X)| > Rg > O for every x € (0, L).

Therefore, if we define

L
N(f) = f e (s 12 + ASVI)” + Lfiwl?) dx,
0

then we can use the Carleman estimate given by Proposition 5 to obtain

L
N() <€ / € 29009 (£ ()R (To, X))e 2%, (56)
0
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fors > 0and A > 0 large. We see that the boundary terms of (53) vanish because f (0) = f,(0) = 0. This is the reason why
we have asked prescribed values at x = 0 for the admissible main coefficients. By setting C; := [le=2*?0-)|| g 1, Eq. (54)
att = Ty and (56) lead us to

1 L
NG = CrlluCTo. g + / e~ 2000) 3T, x) 2, (57)
0

fors > 0and A > 0 large. Since e=2**@9 (0, x)|> = 0, we get

L
9
f e 20N |y (Ty, x)[Pdx = / / — (e7*|v]?) dedx,
0 QTO 3[’

:// e—2*¢(—2x¢r)|u|2dxdr+2// e 2Py, dxdt. (58)
Qr, Qg

Recall that Qr = (0, T) x (0, L). In what follows we consider s > 0 large, A > e*!#li©.1 and the properties of the weight
functions given by Lemma 2. The following inequalities are obtained:

. / / e~ (—20¢y) |v|2dxdt < C f / e~ 22257202 |v|?dxdt,

Qr, Qr

< CA7os7B // e 220787 |u|Pdxdt.
QT

. / / e Pyu dxdt < CA73s77 / / ~2ip 1 — |v|Pdxdt + CA3s / / e \n|v|?dxdt,

Qr, An Qr

3—7// —2“”< [ve]? 4+ A7s8p |v|2>dxdt.
Qr

Therefore, plugging these inequalities in (58) and then the resulting terms in (57) give us

IA

IA

1 — —_
EN(f) < Cyf|lu(To, ~)||,2,4(0.L) s // 249 ( lue]? + 27s8y7 |v|2> dxdt. (59)
Qr
Part 3: Carleman estimate for parabolic operators. Since z(o) € W>(0, T; W'*(0, L)) and u € H'(0, T; H* N HZ(0, L)),

we have that (fR)) — h € L%(0, T; L?(0, L)). Therefore, we can use the Carleman estimate given by Proposition 3, with
g3 = 20y, @2 = 0xx + ¥, @1 = z(0) and qo = z(0), on the second term of the right-hand side of (59) to obtain

1 _ o _
NG = Gillu(, Miaop +C (s e Ol g.p) + 272 8||um(-,0)||§](0,r))

A3 / / e | (fR) x| 2dxdt + 23577 / / e~ 2% |n)?dxdt, (60)
Qr Qr
with G, = [|e=2*C993(., 0)|| 00 (0.1 Note that z; (o') € L®(0, T; W*°(0, L)) leads us to
1
E// e~ 2| h|%dxdt 5)\*5(”// e 2 (Ws*n" |ul® + A%s°n° |uy|*) dxdt. (61)
Qr Qr

The fact that (fR),, € L?(0, T; L?(0, L)) allows us to use, once again, the Carleman estimate given by Proposition 3, with
g3 = 20y, @2 = 0xx + ¥, q1 = z(0) and qo = z¢(0), on the right-hand side of (61) to obtain

/ / e hdxdt < G, (x 257 (- O fa gy + 277 -”uum(-,O)niz(O_T))
Qr '

25T / / €722 | (fR) | 2 dxdt . (62)
Qr

Plugging (62) in (60) gives us
1 _ o
NG = CilluTo, )llgay + G (s s O3 gy + 272 8||uw(-,0)||§1(0,n)

+173s77 f f e (I(R)wl* + | (R)xel?) dxdt. (63)
Qr
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Considering that e=2¢%) < ¢=22¢(T0.¥ holds for every (t, x) € Qr and R € H'(0, T; H*(0, L)), we can absorb the last term
of the right-hand side of (63) with N(f) by considering s; > 0 large, s > so and A > e*I#li*w©.n_ Finally, the fact that

o—2)2 /a(To) < e=#¢T0:) for every x € (0, L) allows us to conclude that ||f ||1212(0 o= CN(f), from which the first inequality in
(6) follows.

Part 4: Conclusion. The second inequality in (6) follows by using the continuous injections H'(0, T; H*(0, L)) —
L>(0, T; H4(0, L)) and H'(0, T; H*(0, L)) — H'(0, T; W>°(0, L)) on the first inequality in (6). The proof of Theorem 2
is complete. O
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